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This dissertation is a contribution to the valuation and risk management of deriva-
tive securities in incomplete financial markets. It consists of two parts dedicated to
two distinct valuation methodologies.
In the first part, we develop a valuation approach based on equilibrium ar-
guments from the perspective of option market makers and financial intermediaries.
This approach produces a new pricing concept that we call the competition-based
price. We analyze such prices in both a semimartingale and a diffusion setting.
The emerging pricing measure is characterized as the minimal entropy martingale
measure (MEMM) with respect to a new prior. This new prior depends on the ag-
gregate demand and inventory of the derivatives and is characterized as an Esscher
viii
transform of the historical measure. In a diffusion setting, the pricing measure is
explicitly constructed. We show that the competitive price of a derivative is an in-
creasing function of the demand of any derivative in the market. The increasing rate
is proportional to the covariance between the unhedgeable parts of the associated
derivative payoffs, calculated under the competition-based pricing measure. This
result may contribute to the resolution of some of the well known option-pricing
puzzles. We further compare our approach to existing pricing methodologies, such
as the marginal-utility pricing and indifference valuation. In addition, we apply our
approach to price a family of volatility derivatives. We develop numerical schemes
based on Monte Carlo simulations for a Heston-type stochastic volatility model.
In the second part, we apply the well established indifference approach to
value options with staging structure and sequential decisions, such as installment
options and venture capital contracts. In a diffusion market setting, we analyze the
underlying stochastic optimization problems via the associated Hamilton-Jacobi-
Bellman equations. We deduce a quasilinear PDE for the indifference price and
analyze it probabilistically. We also obtain an explicit pricing formula under ap-
propriate market restrictions and characterize the indifference price as a nonlinear
expectation under the MEMM. The associated hedging and risk monitoring strate-
gies are investigated. We further develop numerical schemes based on regression
techniques to value the ASX Installments and the staged financing of venture cap-
ital. Moreover, a foresighted valuation framework is introduced to incorporate the
investors’ private information into their valuation and hedging strategies. Such in-
formation may include both their ex-ante risk exposure and ex-post investment op-
portunities. Finally, we adopt the recently developed dynamic performance criteria
to price volatility derivatives. We develop numerical schemes for the computation
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“When banks compete, you win.” – An advertising logo of LendingTree, LLC
“If people are willing to pay foolish money for insurance, why shouldn’t we
sell it to them?” – Lowenstein (2000)
“Current asset pricing theories usually assume investors choose optimal port-
folios directly. The fact that there is such extensive intermediation suggests
that this approach may miss important features of actual markets.” – Allen
and Santomero (1998)
“I believe a renewed focus on the explicit financial intermediation of the un-
derlying risks by option market markers is needed. [...] Devising plausible
models of market maker behavior under more general risks and incorporating
them into equilibrium models of risk pricing is desirable.” – Bates (2003)
Over thirty years after its discovery, the Black-Scholes option pricing theory
is still the only universally accepted methodology in pricing derivatives [see, among
others, 14, 97]. In the Black-Scholes-Merton framework, models are developed based
on the fundamental assumption that financial market is complete. The derivatives
are assumed to be redundant securities, whose payoffs can be perfectly replicated
through dynamic trading in the underlying securities. The derivative price is then
defined as the value of the replicating portfolio according to the no-arbitrage prin-
ciple. This assumption, however, fails to justify the existence of derivatives in the
real world, as argued by [66]. In reality, many derivatives are introduced to the
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markets when they are useful to manage various intrinsic risks, such as credit, mor-
tality, volatility, and weather risks. Once such non-marketable risks are involved,
not all derivatives can be replicated. This kind of markets are called the incomplete
financial markets. Clearly, the Black-Scholes theory breaks down in this situation.
The main difficulty here is that there are infinite equivalent martingale measures.
The no-arbitrage assumption is no longer sufficient to determine the pricing measure
and thus the derivative price. Many methods are studied to specify the appropriate
pricing concept and the associated pricing measure. However, no consensus has been
achieved.
In this dissertation, we attempt to tackle this difficulty by replacing the no-
arbitrage arguments by the investment optimality of the market players and their
financial interactions. In the first part, we develop a valuation approach based
on equilibrium arguments to price derivatives from the perspective of option mar-
ket makers and financial intermediaries. In the second part, we apply the well
established indifference approach to value derivatives with staging structure such
as installment options and venture capital contracts. We also adopt the dynamic
performance criteria developed recently by [113, 114] to price a family of volatility
derivatives. The remainder of the dissertation consists of five relative independent
chapters, which are organized as follows.
In Chapter 2, we model the competition among an arbitrary number of mar-
ket makers in an incomplete financial market containing multiple non-redundant
derivatives. This approach produces a new pricing concept that we call the compe-
tition based price. In a Markovian diffusion setting, we derive a closed-form formula
for the prices of derivatives. The emerging pricing measure is characterized as an
Esscher transform of the minimal entropy martingale measure (MEMM). We fur-
ther establish the various properties of the competition-based price including the
price effects of demand and inventory pressure. We find that the competition-based
price of a derivative is an increasing function of the demand of any derivative in
the market. Moreover, the increasing rate is proportional to the covariance between
the unhedgeable parts of the payoffs of the associated derivatives, calculated under
the competition-based pricing measure. This result contributes to the resolution of
some of the well known option-pricing puzzles. We further compare our approach
to existing pricing methodologies, such as marginal utility pricing and indifference
valuation. In addition, we apply our model to price a family of volatility deriva-
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tives. We develop the numerical schemes based on Monte Carlo simulations for a
Heston-type stochastic volatility model.
In Chapter 3 , we extend the equilibrium approach to price derivatives from
the viewpoint of financial intermediation. We consider an incomplete semimartingale
market that consists of n fundamental securities and an arbitrary number of non-
redundant derivatives. We adopt Merton’s (1993) functional perspective to model
the optimal behavior of intermediation. Our model allows an arbitrary number
of intermediaries in the market. Using the convex duality techniques, we analyze
the utility maximization problems of the financial intermediaries. We further es-
tablish the competitive equilibrium in the derivative market, which produces the
competition-based prices for the derivatives. The emerging pricing measure turns
out to be the MEMM with respect to a new prior. This new prior depends on
the aggregate demand and inventory of the derivatives and is characterized as an
Esscher transform of the historical measure. A sensitivity analysis on the price
effects of such demand and inventory pressure further confirms that the price of a
derivative is increasing with the demand of any derivative in the market. Moreover,
the increasing rate is proportional to the covariance between the unhedgeable parts
of the payoffs of the associated derivatives, calculated under the competition-based
pricing measure. We, finally, provide examples in the Markovian framework such as
stochastic volatility model.
In Chapter 4, we study the well established indifference valuation in a Marko-
vian diffusion setting. This valuation methodology is applied to value a portfolio
of n derivatives with distinct maturities. We analyze the underlying stochastic
optimization problems via the associated Hamilton-Jacobi-Bellman equations. We
deduce a quasilinear PDE for the indifference price and analyze its probabilistic
representations using the Feynman-Kac connection. Moreover, we also obtain an
explicit pricing formula under appropriate market restrictions and characterize the
indifference price as a nonlinear expectation under the MEMM. Properties of the
pricing functionals are further established based on the pricing PDEs. In addition,
the risk monitoring strategies and payoff decompositions are developed and com-
pared with their counterparts in the Black-Scholes model. Finally, a foresighted
valuation framework is introduced to value irreversible investments that may in-
volve staging structure and sequential decisions. This framework emphasizes on
incorporating investors’ private information into their valuation and hedging strate-
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gies. Such information includes not only their ex-ante risk exposure but also their
ex-post investment opportunities such as “contingent pre-contracting” and “staged
financing” in venture capital investments.
In Chapter 5, we apply the indifference approach to value installment options
in incomplete markets. An installment option differs from a conventional option be-
cause its premium is paid in installments (scheduled periodically over the life of the
option) instead of a lump sum upfront. Also, the holder has the right to terminate
the contract by defaulting any installment payment, which leaves no further liability
to either party. The installment option to be priced herein has a payoff depending on
both tradable securities and non-traded risk factors. For a certain class of models,
the pricing formula and the associated optimal abandoning boundaries are obtained
in a closed form. The dynamic hedging and risk monitoring strategies are further
investigated. In addition, we develop numerical schemes based on regression tech-
niques and illustrate the applications of the model in the analysis of installment
warrants and staged financing of venture capital.
In Chapter 6, we present a utility approach to value volatility derivatives
based on the dynamic performance criteria. The dynamic performance criteria are
valuation tools recently developed by [113, 114]. In a Markovian setting, we apply
a forward performance criterion of exponential type to construct the forward indif-
ference price. We further obtain a closed-form pricing formula. Different from the
traditional backward indifference price, this forward indifference price is character-
ized as a nonlinear expectation under the minimal martingale measure (MMM). We
further investigate the associated optimal portfolio and risk monitoring strategy.
Numerical procedures based on the Laplace transform and Monte-Carlo simulations
are developed for the computation of the forward and backward indifference prices.
Finally, we illustrate their applications to value a family of volatility derivatives in






Derivatives Pricing from the
Perspective of Market Makers
2.1 Introduction
This paper presents an equilibrium approach to price non-redundant derivatives
from the perspective of options market makers (dealers). We model the competition
among an arbitrary number of market makers in an incomplete dealership market,
and analyze the impact of the derivative demand and inventory pressure on the valu-
ation of derivatives. Our aim is twofold, namely: (i) to expand the economic insights
of the utility-based pricing mechanism, and (ii) to provide a possible resolution for
the so called option-pricing puzzles.
In the classical Black-Scholes-Merton framework, derivatives are priced based
on the assumption that they are redundant securities, whose payoffs can be perfectly
replicated through dynamic trading in the underlying securities [see, among others,
14, 97]. Such an assumption of redundancy, together with the no-arbitrage principle,
enable us to deduce the unique (“preference-less”) derivative price from the value of
the associated replicating portfolio. This assumption, however, fails to justify the
existence of derivatives in the real world, as argued by [66]. Many derivatives are
introduced to the markets when they are useful to manage various intrinsic risks,
such as credit, mortality, volatility, and weather risks. Once such non-marketable
risks are involved, the Black-Scholes options pricing theory breaks down because
these risks are in general unhedgeable. The main difficulty lies in the fact that, in
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such an incomplete market, there are infinite equivalent martingale measures.
One remedy of this difficulty is to replace the no-arbitrage arguments by the
investment optimality of the market players (as well as their financial interactions).
The starting point is that the traders’ risk preference matters in making their trading
decisions on derivatives when they are not able to completely hedge the associated
risks. From this angle, the trader’s risk preferences, usually quantified by a utility
function, are essential in derivative pricing. This motivates the development of
utility-based pricing methodology, which recently has become a rapidly growing
body of research in the literature.
The first strand of literature proposes the notion of indifference price, which
is defined as the amount such that the representative trader is indifferent – in terms
of optimal expected utility – between trading and not trading the derivative. This
valuation concept was introduced to price European options by [72] and further
extended by [35] in dynamic settings, though its static analogue, the certainty-
equivalent price, was studied earlier in the actuarial science [see 17, 59]. By now,
the indifference prices have been studied extensively in quantitative finance; see,
among others, [118, 40, 111], and [83].
Worth noting is that the indifference prices are essentially the trader’s reser-
vation prices, defining a range in which trading can take place. Specifically, the
indifference buying price is the highest one that the buyer is willing to buy the
derivative, while the selling price is the lowest one that the seller is willing to sell.
Due to the nonlinear nature of the indifference pricing mechanism, the buying price
is, in general, different with the selling one for a nontrivial claim. Moreover, as
shown by [129], the selling price is always higher than the buying one, which implies
that such a pricing criterion generally does not allow an equilibrium in the derivative
market [see also 35].
Alternative to the indifference approach, [32] proposed the notion of marginal
utility price (“fair price”) based on the idea of “zero marginal rate of substitution”.
Precisely, the marginal price is defined to be such that the representative agent
cannot increase his/her optimal expected utility by diverting an infinitesimal amount
of capital into the derivative account. Unlike the indifference prices, the marginal
price is linear, symmetric for buyer and seller, and it turns out to be the asymptotic
limit of the average (per unit) indifference price for an infinitesimal quantity of
derivatives. This pricing concept has also been studied by, among others, [79, 80]
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and [51]. The uniqueness of the marginal price was proved by [74]. More recently,
[85, 86] analyzed its sensitivity and asymptotic property.
To the best of our knowledge, most of these models are based on the as-
sumption that there is a single representative trader (the market maker) who has
the power to determine the derivative prices. In reality, however, market makers,
although having the pricing power, are subject to competing with each other when
providing liquidity service for their customers (impatient traders). This kind of com-
petition is in fact a common feature in many exchange markets, such as New York
Stock Exchange (NYSE), NASDAQ, and London Stock Exchange. For example,
as noted by [134], market makers such as specialists in NYSE typically face com-
petition from floor traders, competing dealers, limit orders, and other exchanges.1
In market microstructure models, the competition among market makers has been
studied early by [70] and others.
Also commonly assumed in the literature is that the derivatives have zero
demand and inventory pressure, which presumably erases their effects on the prices.
This is, however, inconsistent with what is observed in the real world. In fact, market
makers actively adjust their price quotation in response to the fluctuations in the
public demand pressure and their own inventory level [see 130, 57].2 Moreover,
recent empirical research has shown a strong correlation between the derivative
prices and the demand (buying) pressure [see, among others, 15, 21, 22]. Based on
such intensive evidence, we believe that the demand and inventory pressure should
play a significant role in determining the derivatives prices.
In this paper, we build a competition-based derivative pricing model that
takes into account the impact of demand and inventory. In contrast to the utility-
based framework, we allow an arbitrary number of risk-averse market makers, who
compete to supply the derivatives for the demand from their customers (impatient
traders). Because these derivatives involve unhedgeable risks, the market makers
control their net inventories of risk, and subsequently, create dynamic trading strate-
1Limit orders are orders to buy (sell) that specify a maximum (minimum) price at which the
trader is willing to transact. The traders who issue limit orders are indeed acting as dealers, though
they often do not recognize this. A market order is an order to buy (sell) at prevailing prices. The
traders that submits market order can be viewed as customers. For more discussion, we refer to [67].
2Market makers usually have their own target levels of inventory. When there is an order
imbalance that moves market makers away from their desired inventory position, they adjust their
price quotation to attract orders to move back to their target inventory positions [see 67, Chapter
13].
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gies to hedge part of their net exposure. Managing these two activities optimally –
in terms of utility maximization – they are able to choose their optimal derivative
allocations and hedging strategies for any given security prices. When the market
is in equilibrium, the derivative prices must clear the market. This market clearing
condition is, in turn, applied to deduce the equilibrium prices of the derivatives.
In a Markovian diffusion setting, we establish the competitive equilibrium
and derive a closed-form formula for the competitive prices of the derivatives. The
associated pricing measure (pricing kernel) can be characterized as an Esscher trans-
form [see 60] of the minimal entropy martingale measure. The Esscher transform
herein involves the level of aggregate demand and inventory, which can be identified
directly from the market data [see, for example, 15]. Further, it turns out that, when
ignoring the impact of demand and inventory, the competition-based price reduces
to the Davis’ marginal price. From this perspective, the concept of competition-
based price generalizes that of the marginal price. Moreover, our model provides
an economic framework for understanding the utility-based pricing mechanism and
bridges the latter with the classical asset equilibrium concepts.
Besides the above modelling advantage, our work may contribute to the
resolution of the well-known option-pricing puzzles, namely, index options appear to
be expensive and low-moneyness options seem to be especially expensive comparing
to other individual equity options. These puzzles have been well documented in the
literature of empirical options pricing; see, among others, [91, 9, 28, 16, 5], and [26].
Our model shows that the price of a derivative is increasing with the demand
of any derivative in the derivative market. The increasing rate is proportional to
the covariance between the unhedgeable parts of the associated derivative payoffs,
calculated under the competitive pricing measure. This result helps to explain the
options-pricing puzzles because it is evident that the demands of index options and
deep out-of-the-money (OTM) puts are very high comparing to other individual
equity options; see, among others, [15, 21, 22, 56]. In addition, our work relates
to the optimal positioning in derivatives [see, among others, 20, 19, 90, 76, 77].
Another stream of literature related to our approach is the market completion [see,
for example, 73, 23].
The remainder of this paper is organized as follows. In Section 2.2, we de-
scribe the competition-based pricing model in a Markovian diffusion setting. In
Section 2.3, we derive the competition-based pricing formula and analyze the price
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effects (sensitivity) of the demand and inventory pressure. In Section 2.4, we in-
vestigate the various properties of competitive price as well as its relations to some
existing pricing concepts. In Section 2.5, we illustrate an application to volatil-
ity derivatives and further develop the associated numerical procedures for Heston
stochastic volatility model. Finally, we conclude in Section 2.6.
2.2 A Competitive Equilibrium Model
2.2.1 The Market
We fix a finite horizon T < ∞ and consider a continuous-time financial market
consisting of a riskless bond B (money-market account) and a risky stock S, whose
prices are given exogenously. The stock price is assumed to follow a diffusion process
satisfying
dSt = µ(t, Yt)Stdt+ σ(t, Yt)StdW 1t , t ≥ 0, (2.1)
with S0 > 0. The drift µ and volatility σ of the stock are driven by a stochastic
factor Y , which is modelled as a correlated diffusion
dYt = b(t, Yt)dt+ a(t, Yt)(ρdW 1t + ρ̄dW
⊥
t ), t ≥ 0, (2.2)
with ρ ∈ (−1, 1) being the correlation coefficient and ρ̄ =
√
1− ρ2. The bond
is assumed to mature at T and be tradable over the time horizon [0, T ], yielding
constant interest rate r. Without loss of generality we take r = 0, which is equivalent
to use the bond as numeraire. The results for r > 0 follow directly from the standard
rescaling arguments.
In (2.1) and (2.2), the processes (W 1t ,W
⊥
t ; t ≥ 0) are independent stan-
dard Brownian motions defined on a complete filtered probability space (Ω,F ,F, P ),
where F = (Ft)t≥0 is the P -augmented filtration generated by (W 1,W⊥). The mar-
ket coefficients µ, σ, a, and b are assumed to satisfy all the regularity conditions
such that equations (2.1) and (2.2) have a unique strong solution satisfying Ss > 0
P -a.s. for a.e. s ∈ [t, T ]. The Sharpe ratio process of the stock is defined by
λt = λ(t, St), t ≥ 0 with λ(t, S) := µ(t, S)/σ(t, S).
We denote by (π, x) a self-financing portfolio with initial capital x and π
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being the amount invested in the stock. Then, direct calculation shows that the
corresponding wealth process Xπ,x satisfies the following controlled diffusion equa-
tion
dXs = µ(s, Ys)πsds+ σ(s, Ys)πsdW 1s , t ≤ s ≤ T, (2.3)
with Xt = x ∈ R [see 96]. A control process π is called admissible if it is Fs-
predictable and satisfies the integrability condition E
∫ T
0 σ
2(s, Ys)π2sds < +∞. We
denote by A the set of admissible trading strategies.
Besides the fundamental (underlying) securities, there are also n (n ≥ 1)
derivatives available in the market, which are characterized in terms of their ter-
minal payoff at maturity T . The derivative payoffs are given exogenously by n
FT -measurable random variables (G1, · · · , Gn). To avoid triviality, we assume that
all these derivatives are non-redundant in the sense that any linear combination of
(G1, · · · , Gn) is not replicable by an admissible trading strategy in the underlyings,
namely
∃ π ∈ A Xπ,xT + α ·G = const P -a.s. =⇒ α = 0. (2.4)
In this paper we are interested in the initial price at time t, pt := (p1t , · · · , pnt ),
of the derivatives G := (G1, · · · , Gn). For technical reasons arising from the under-
lying utility maximization, we assume throughout that G is bounded. Although
some derivatives have an unbounded payoff, it will not affect the practical accuracy
to truncate the payoff conditional on sufficiently extreme events. For discussion on
how to relax this assumption, we refer the reader to [10].
2.2.2 The Traders
In our derivative market, there are two kinds of traders – market makers (“deal-
ers”) and their customers (“impatient traders”). The impatient traders are those
who trade derivatives for some inherent reasons. They either want to satisfy some
internal requirements such as agency problem, risk management, and institutional
requirements, or expect some extra benefits from trading the derivatives such as
portfolio insurance, gambling entertainment, and hedging benefits [see, for example,
67]. In other words, they exploit the liquidity of the derivative market and provide
11
demand pressure to the market. Instead of modeling explicitly their various trad-
ing incentives, we assume that the consumers’ aggregate demand of derivatives at
time t, Dt := (D1t , · · · , Dnt ), is given exogenously. Note that such a demand Dt is
observable directly from the market data [see, for example, 15].
The dealers provide liquidity to the derivatives market while bearing various
inventory risks. They satisfy their costumers’ demand of derivatives through com-
peting with each other. We assume that, at time t, there exist a finite number of
dealers indexed by It, who have constant absolute risk aversion (CARA). That is,
they have exponential utility functions
Ui(x) = −e−γix, x ∈ R, (2.5)
with γi > 0 being the risk aversion parameter of dealer i ∈ It. We shall also use the
risk tolerance parameter τi = 1γi because it provides more intuition in interpreting
our pricing formula. The objective of the dealers is to maximize their expected
utility of terminal wealth.
Now suppose that, with initial endowment of xi at time t, each dealer i takes
static positions qi := (q1i , · · · , qni ) in the derivatives G = (G1, · · · , Gn). Since the
market is competitive, the price vector pt = (p1t , · · · , pnt ) of the derivatives is taken
as given, and the derivative positions thus cost (qi ·pt) with “·” being the usual inner
product on Rn. The dealer i then invests the remaining capital of (xi − qi · p) into
the underlyings using an optimal trading strategy πi, whilst collecting a random
derivative payoff qi · G at maturity T . At time t, each dealer i wants to maximize
the expected utility of terminal wealth over both the static derivative positions qi
and the dynamic trading strategy πi in the underlyings, and therefore solves the







Xπi,xi−qi·ptT + qi ·G
) ∣∣∣Ft] , (2.6)
where A is the set of admissible trading strategies and i ∈ It. Since we are inter-
ested in the equilibrium prices, we assume the existence of the optimal investment
strategies and use them to define the competition-based derivative prices. The tech-
nical assumptions to ensure such existence will be specified later on when solving
12
the equilibrium.
2.2.3 The Competitive Equilibrium
The derivative prices are determined through a competitive equilibrium among the
dealers and their costumers. Precisely we introduce the following definition.
Definition 2.2.1. The competitive price of the derivatives G is defined as vector
p(G,D) such that each dealer i admits an optimal position q∗i in the derivatives
and the derivative market clears. That is, the derivative price vector p satisfies the
partial market clearing condition∑
i∈It
q∗i (p) +Dt = 0, (2.7)
where q∗i is the solution to the optimal investment problem (2.6) for dealer i ∈ It.
In the above definition, the derivative prices are set based on the partial
equilibrium arguments. No market clearing condition is imposed on the underlyings
whose prices are given exogenously. It is a compromise between the no-arbitrage
arguments in classical derivative pricing and the general equilibrium theory in asset
pricing. Although it relies on the classical pricing principle of equilibrium from
economic theory, this pricing notion is relatively new in derivatives pricing, in that
it introduces competition and the effect demand and inventory into the pricing
mechanism.
2.3 The Competition-Based Derivative Prices
We devote this section to construct the competition-based prices p(G,D) for the
derivatives G = (G1, · · · , Gn) with payoffs Gj = gj(YT , ZT ), (j = 1, · · · , n), where
Zs = z +
∫ s
t
ζ(u, Yu)du, t ≤ s ≤ T. (2.8)
For convenience we denote function g := (g1, · · · , gn). This payoff specification
allows us to price a variety of volatility derivatives that are actively traded in the
market, such as variance swaps, volatility swaps, variance calls and puts, and volatil-
ity calls and puts.
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We start from investigating the optimal investment problem of the dealers.
A useful observation is that the optimization problem (2.6) can be written as
max
qi∈Rn
u(t, xi − qi · p, y, z; qi, γi), (2.9)
where the value function u is given by 3






T +q·g(YT ,ZT ))
]
, (2.10)
with Xπ,x being the wealth dynamics defined in (2.3) and A the set of admissible
trading strategies.
For fixed allocation q, the valuation problem (2.10) evaluates the maximal
utility of terminal wealth arising from the derivative payoff q · g(YT , ZT ) and the
terminal fund that can be achieved by trading optimally in the underlyings with
initial capital x. Such valuation problem and its variations have been studied exten-
sively in mathematical finance, in particular, in the context of indifference pricing.
Stochastic control is one of the most popular approaches, which studies the problem
through the associated Hamilton-Jacobi-Bellman (HJB) equations. For our present






σ2π2uxx + π (ρσauxy + µux)
)
+ Lyu+ ζuz = 0, (2.11)
for (t, x, y, z) ∈ [0, T ]×R×R, with u(T, x, y, z) = −e−γ(x+q·g(y,z)), where the differ-
ential operator Ly := 12a
2 ∂2
∂y2
+ b ∂∂y .
It follows from a standard argument of viscosity solution that the solutions of
the HJB equation (2.11) must coincide with the respective value function defined by
(2.10). Moreover, following similar arguments used in Theorems 4.1 and 4.2 of [46],
we find that the value function u defined in (2.10) is the unique viscosity solution
of (2.11) in the class of functions that are concave, increasing in x, and uniformly
bounded in y for any fixed (t, x). We now proceed to solve the HJB equation (2.11)
following the similar approach used in [111].
3Hereafter, we adopt the short notation Ex,y,zt [·] := EP[·|Xt = x, Yt = y, Zt = z] for the condi-
tional expectation under the historical measure P.
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Proposition 2.3.1. The value function u can be further represented by
u(t, x, y, z; q, γ) = −e−γxf(t, y, z; q, γ)
1
ρ̄2 , (2.12)








with f(T, y, z; q, γ) = e−γρ̄
2q·g(y,z) for all (y, z) ∈ R× R.
Proof. We first observe that the second term of the HJB equation (2.11) is quadratic
in π, whose maximum is achieved at
π∗ = −µux + ρσauxy
σ2uxx
. (2.14)





+ Lyu+ ζuz = 0. (2.15)
Using the scaling property of the utility function and the structure of the wealth dy-
namics (2.3), we postulate an Ansatz solution u(t, x, y, z) = −e−γxF (t, y, z). Plug-
ging it into (2.15) yields the following quasilinear equation













We further substitute F (t, y, z) = [f(t, y, z)]κ for some constant κ and derive equa-
tion





















. This leads to the
linear equation (2.13). Combining the transformation we have used, we conclude
the representation (2.12).
To prepare for the probabilistic representation of the value function u, we
recall that under stochastic volatility model the density of an equivalent local mar-
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where P is the historical measure, λ is the Sharpe ratio process of the stock, and




sds < +∞ a.s. [see 12]. We assume that
E[dQ/dP ] = 1 so that Q is a probability measure equivalent to P on FT . A sufficient












We denote by M the set of all ELMM. It is worth noting that the set M is one-
to-one correspondence to the set Φ of integrands ϕ. We write Qϕ to emphasis the
dependence of Q on ϕ whenever needed. Under measure Q ∈ M, the dynamics of




dYt =(b(t, Yt)− a(t, Yt)(ρλ(t, Yt) + ρ̄ϕt)) dt
+ a(t, Yt)
(






where (W 1,Q,W⊥,Q) is a two-dimensional standard Brownian motion defined by












Among all ELMM, the minimal entropy martingale measure (MEMM) is
closely related to the exponential utility maximization [see 40]. We recall that the










) ∣∣Ft] if Q P,
+∞ otherwise,
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where dQdP is the Radon-Nikodym derivative of Q with respect to P . It is worth
noting that the relative entropy H(Q|P ) measures the distance between the two
probability distributions Q and P , which is always nonnegative [see 75]. The entropy
of an ELMM Q ∈M is












Obviously, there exists an ELMM with finite entropy. Thus there is a unique mar-
tingale measure Qe ∈ M minimizing the relative entropy H(Q|P ) over all Q ∈ M,
nemely
Qe = arg min
Q∈M
H(Q|P ). (2.22)
See Theorem 2.2 and 2.3 of [54] and Proposition 3.2 and the proof of Theorem 4.3
of [64].
Another important martingale measure arising from our valuation problem
















which corresponds to take ϕ = 0 in (2.16). This measure was originally introduced
by [52]. Under measure Q0 the discounted traded asset is a martingale while the
law of the orthogonal martingale measure remains unchanged. For models with
continuous price process, it has been shown that Q0 is the martingale measure
minimizing the reverse entropy H(P|Q) over all ELMM Q ∈M, i.e.
Q0 = arg min
Q∈M








We refer the reader to [125, 126] for more discussions. We are now ready to prove
the following representation of the value function u.
Theorem 2.3.2. The value function u is given by
u(t, x, y, z; q; γ) = −e−γ(x+w(t,y,z;q;γ)), (2.25)
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where





















































Proof. By the Girsanov’s theorem, we see that, under the MMMQ0 defined in (2.23),




0 λ(s, Ys)ds is a standard Brownian motion independent
with W⊥t . It follows that the dynamics of S, Y and Z under Q0 are given by
dSt = σ(t, Yt)StdW̃ 1t , (2.28)
dYt = (b(t, Yt)− ρλa(t, Yt))dt+ a(t, Yt)
(





dZt = ζ(t, Yt)dt, (2.30)
for t ≥ 0. Using the Feynman-Kǎc formula, we find that the solution f(t, y, z) to
the equation (2.13) admits the probabilistic representation
f(t, y, z) = Et,y,zQ0
[
e−γρ̄


































which is sometimes called Esscher change of measure. Combining (2.31) and (2.32),
we find that

















Now denote w(t, y, z; q, γ) := − 1
γρ̄2
log f(t, y, z; q, γ), then w can be written as (2.26)
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and f(t, y, z; q, γ) = e−γρ̄
2w(t,y,z;q,γ). Therefore, we conclude the representation
(2.25) by plugging f into (2.12). The fact that Qe is the minimal entropy mar-
tingale measure has been well established; see [54, 6, 64, 108]. We finally combine
(2.23) and (2.32) to deduce the density (2.27).
It is useful to observe that the function w(t, y, z; q, γ) is strictly concave in q
for all (t, y, z) ∈ [0, T ]× R× R. This follows from the convexity of the function

























= EQ [GiGj ]− EQ [Gi]EQ [Gj ]
= CovQ(Gi, Gj),







Therefore, the convexity of the function F follows from the fact that the covariance
matrix of G under measure Q is positive semi-definite. Moreover, since the deriva-
tives G are non-redundant, the covariance matrix is indeed positive definite, which
implies that the function w is strictly concave in q.
Now we are ready to prove the following results.
Theorem 2.3.3. The dealers’ optimal investment problems (2.9) admit a unique







g(YT , ZT )− pt
)]
= 0, (2.33)
with Qe being the minimal entropy martingale measure defined in (2.27).
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Proof. We first observe from (2.9) and (2.25) that
max
qi∈Rn





w(t, y, z; qi, γi)− qi · p
)}
,
where w is given in (2.26). Thus, the existence and uniqueness of qi follow directly
from the concavity of w. Moreover, the first-order condition of u is given by
0 = ∇qu(t, xi − qi · p, y, z; qi, γi) = γu [p−∇qw(t, y, z; qi, γi)] ,
which yields that










and completes the proof.
In the next theorem, we summarize the competition-based pricing formula
and the associated pricing measure.
Theorem 2.3.4. Let τ denote the aggregate risk tolerance parameter of the market







, then the competition-
based price p(G,D) is given by
pt = EQ∗ [g(YT , ZT )|Yt = y, Zt = z] , (2.35)

















which is an Esscher transform of the minimal entropy martingale measure Qe.









where Qe is given by (2.27). Thus the first-order condition (2.33) shows that the












To this end, the first-order condition (2.33) again shows that the equilibrium price
















Therefore, we conclude by recalling the definition of Q∗.
Remark 2.3.5. The pricing measure Q∗ can be as well characterized as follows.

















where D is the aggregate demand of the derivatives G. Then the pricing measure
Q∗ coincides with the minimal entropy martingale measure with respect to the new
prior P∗, namely,
Q∗ = arg min
Q∈M









We refer to Su (2006) for further discussion of this characterization under a semi-
martingale setting.
From the above result follows immediately that for Dt = 0 the pricing mea-
sure Q∗ becomes identical to the minimal entropy martingale measure Qe. In other
words, the competition-based price reduces to the marginal utility price. This result
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can be stated as follows.
Corollary 2.3.6. When the aggregate demand D = 0, the competition-based price
reduces to the marginal utility price, namely, pt(G, 0) = EQe [g(YT , ZT )|Yt = y, Zt = z].
The Price Effects of Demand and Inventory. In the sequel, we investigate











are given by (2.27) and (2.36), respectively.
From Theorem 2.3.4 follows that, in terms of the pricing kernel ξ(D;G), the







ξ(D,G)gj(YT , ZT )
]
.
We next prove the following sensitivity result.
Theorem 2.3.7. The partial derivative of pj, (j = 1, · · · , n), with respect to the


















where G̃j = ρ̄Gj is the unhedgeable part of the claim Gj, (j = 1, · · · , n).














































































The above theorem shows that the price pj of a derivative Gj is increasing
with the demand Dk of another derivative Gk in a rate proportional to the covari-
ance, under the competitive pricing measure, between the unhedgeable parts of the
two associated derivative payoffs. This result helps to explain the options-pricing
puzzles because it is evident that the demands of index options and deep out-of-the-
money (OTM) puts are very high comparing to other individual equity options; see,
among others, [15, 21, 22, 56].
2.4 Properties of The Competition-Based Pricing
In this section, we investigate the properties of the competition-based prices. First
of all, we observe that the competition-based pricing kernel (measure) depends on
the market parameters λ, ρ,G,D, τ . It is, however, independent of the individual
dealer’s initial capital endowment and does not explicitly depend on the individual’s
preference.








for any bounded claim B = α · g(YT , ZT ) since Q∗ ∈M.
Scaling Invariance. From the definition (2.40), we can easily verify the following
scaling property for the pricing kernel
ξ(kD, kτ ;G) = ξ(D, τ ;G).
Monotonicity. For any claimB = α·g(YT , ZT ), the competitive price is increasing
in B:
p(B1;D) ≤ p(B2;D) if B1 ≤ B2.
Price Effects of Risk Tolerance τ . Following the same line of arguments in the
proof of Theorem 2.3.7, one can easily shows that
∂
∂τ




Thus, we have the following monotonicity of the competitive price for any claim
B ≥ 0.
• Decreasing in τ for positive demand : p(B; τ1) ≥ p(B; τ2) if τ1 ≤ τ2 and
D ·G ≥ 0.
• Increasing in τ for negative demand : p(B; τ1) ≤ p(B; τ2) if τ1 ≤ τ2 and
D ·G ≥ 0.
Robustness and Regularity. From the competitive pricing measure (2.36), we
see that, dQ∗dQe → 1 a.s. as τ →∞. This leads to
• Regularity with respect to τ :
lim
τ→∞
p(G; τ) = EQe
[
g(ST , YT )
∣∣Yt = y, Zt = z] .
In other words, we recover the marginal utility price when risk tolerance τ → ∞.
Similarly, as |ρ| → 1, ρ̄2 → 0 and further dQ∗dQ0 → 1 a.s., which follows
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• Regularity with respect to ρ:
lim
|ρ|→1
p(G; ρ) = EQ0
[
g(ST , YT )
∣∣Yt = y, Zt = z] .
We further consider an asymptotic complete market, where the asset Y is perfectly
correlated with the security S and λ = ba . That is, the security S becomes the
perfect proxy of the asset Y , which can be viewed as if it is tradable. In this case,
the measure Q0 becomes the unique martingale measure, which leads to
• Robustness: If the tradable asset S becomes the perfect proxy of the nontraded
asset Y , namely, |ρ| = 1 and the Sharpe ratios ba ≡
µ
σ , then the competitive
price p reduces to the Black-Scholes price.
Relation to Indifference Pricing. The notion of indifference pricing was intro-
duced to price European options by [72] and further extended by [35]. The valuation
methodology is based on the comparison between two optimal investment problems
with and without involving the derivative. Under the current market setting, the
first relevant optimization problem is the classical Merton model. The value function
is defined as
M(t, x, y) := sup
A
Ex,yt [U(XT )] , (2.42)
for (t, x, y) ∈ [0, T ]× R× R, where the wealth process (Xs) satisfies (2.3) and A is
the set of admissible policies. The second optimal investment problem involves the
terminal liability defined by the claim C = q · g(YT , ZT ). The corresponding value
function is defined by
V (t, x, y, z) := sup
A
Ex,y,zt [U(XT − g(YT , ZT ))] , (2.43)
for (t, x, y, z) ∈ [0, T ] × R × R × R+, where the wealth process (Xs) satisfies (2.3)
and A is the set of admissible policies.
We next follow [111] to define the seller’s indifference price using the above
value functions.
Definition 2.4.1. The seller’s indifference price for the derivative C = q ·g(YT , ZT )
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is defined as the amount h(t, x, y, z; q) such that
M(t, x, y) = V (t, x+ h(t, x, y, z; q), y, z), (2.44)
for (t, x, y, z) ∈ [0, T ]×R×R×R+, where the value functions M and V are defined
in (2.42) and (2.43), respectively.
Under exponential utility (2.5), we derive the indifference price formula
(2.45), which is an analogue of Theorem 3 in [111].
Proposition 2.4.2. The seller’s indifference price is given by









for (t, y, z) ∈ [0, T ]×R×R+, where the pricing measure Qe is the minimal entropy
martingale measure defined in (2.27).
Now it is straightforward to verify the following result.
Proposition 2.4.3. Let ν(q;G) = h(t, y, z; q) denote the indifference price for the






The above result shows that the competitive prices of the derivatives G =
g(YT , ZT ) equal to the seller’s marginal indifference price.
Relation to Marginal Utility Pricing. The marginal indifference price was
first introduced by [32] based on the idea of “zero marginal rate of substitution”.4
Considering a representative agent economy and a given contingent claim, the fair
price p̂ is defined such that the agent can not increase his/her expected utility by
diverting an infinitesimal amount of capital into the claim. Formally, we follow [32]
to define the marginal utility price.
4There are many terminologies arising from this pricing concept such as “marginal (indifference)
price”, “(marginal) utility-based price”, “Davis’ fair price”, “neutral price” as in [79, 80], and
“shadow price” as in [51].
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Definition 2.4.4. Consider a single European claim B and a representative agent
who wants to maximize the expected utility of terminal wealth:







where U(x) is the agent’s utility function satisfying the Inada condition. Then the







Under exponential utility (2.5), it has been shown that the fair price is given
by
p̂ = EQe [B],
for a bounded claim B. This coincides with the competition-based price when we
set the demand pressure equal zero and the aggregate risk tolerance parameter equal
1/γ (cf Corollary 2.3.6). Alternatively, the marginal utility price can be viewed as
the limit of the competitive price as risk tolerance τ →∞. Therefore the concept of
competition-based price generalizes the framework of marginal utility price. In our
framework, the marginal price can be interpreted as a special case of the competition-
based price. That corresponds to the case of single agent, single derivative, and zero
demand pressure.
2.5 Applications to Volatility Derivatives
In this section, we illustrate an application of our model to price volatility deriva-
tives. We consider the Heston stochastic model [see 69], which corresponds to choose
µ(t, Yt) = µ(t) and σ(t, Yt) =
√
Yt in equation (2.1), and b(t, Yt) = −η(Yt − Ȳ ) and
a(t, Yt) = δ
√
Yt in equation (2.2). Then the dynamics of the discounted stock price
and the stochastic factor become




t , t ≥ 0, (2.47)
dYt = −η(Yt − Ȳ )dt+ δ
√
YtdWt, t ≥ 0, (2.48)
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where η is the speed of reversion of Yt to its long-term mean Ȳ , and Wt = ρW 1t +
ρ̄W⊥t . The process followed by the instantaneous variance Yt may be recognized
as a version of the so-called CIR process introduced by [29]. The CIR process and
its variants have been widely used to model the interest rate term structure, in
particular, the affine term structure model.
We focus on the following four types of payoffs of particular financial interest:




































Unless otherwise specified, we use the well-known BCC parameters [see 7]
for the Heston model, which are specified in Table 2.1. There we also set the default
parameters for aggregate risk tolerance τ and time to maturity T .
Table 2.1: Heston model parameters.
r µ Y0 Ȳ η δ ρ τ T
4.0% 12.7% 0.04 0.04 1.15 39% -28% 10 1.0
From (2.28) and (2.29) it follows that the dynamics of S and Y under the





t , t ≥ 0, (2.52)
dỸt =
(




ỸtdW̃t, t ≥ 0, (2.53)
dZ̃t = Ỹtdt, t ≥ 0, (2.54)
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where W̃t = ρW̃ 1t + ρ̄W̃
⊥
t with (W̃
1, W̃⊥) being a standard 2-dimentional Brownian




ξ̃(D)g(ỸT , Z̃T )
]
, (2.55)
































In the sequel, we develop Monte Carlo simulation schemes to compute the competition-
based price of volatility derivatives. The essential step in the simulation is to gen-
erate the paths of the CIR process given by
dYt = (A(t)−B(t)Yt)dt+ C
√
YtdWt, t ≥ 0, (2.57)
with Y0 ≥ 0. It is well known that the above SDE (2.57) has a unique nonnegative
solution provided that A ≥ 0 and C ≥ 0 [see 117]. If, in addition, we impose
condition A > C2, then the process is always positive [see 87]. Note also that the
process is mean-reverting when B > 0, which is a desirable property for modeling
stochastic volatility. The challenge for our simulation is to produce positive sample
paths.
Milstein Discretization. It is straightforward to discretize the paths using a
Milstein scheme. Specifically, by Ito-Taylor expansion, we have

























where w ∼ N(0, 1). The problem of the Milstein scheme is that it does not guarantee
a positive path, though it reduces significantly the negativity problem if comparing
to the Euler scheme. In the sequel, we follow Alfonsi (2005) to develop schemes that
guarantee the positivity of the CIR process.
The First Implicit Schemes. We first consider the following discretization






which yields the quadratic equation

















































dWt, t ≥ 0.































































which provides the second implicit scheme for the CIR process.
Explicit Schemes. Applying Taylor expansion to the above two implicit schemes,
























for 0 ≤ k ≤ A − C24 , where we note that the factor 1 − B∆t/2 can be replaced by√


















− k + kw2
)
∆t, (2.61)















− k + kw2
)
∆t, (2.62)
for 0 ≤ k ≤ A− C24 .
2.5.2 Numerical Results
We first compare the above Monte Carlo schemes in compute the competitive prices
of variance swaps. We use the BCC parameters given in Table 2.1, while the level of
aggregate demand and inventory is set to be 1, 000 and the maturity ranges from 3
months to 2 years. The numerical results are shown in Table 2.2. The simulation is
based on 106 (500,000 plus 500,000 antithetic) sample paths with a time step equal
to 10−3. As can be seen, these schemes, in particular, the explicit scheme E(0),
produce a fairly good estimation.
In what follows, we apply the explicit scheme E(0) to compute the compet-
itive prices of volatility derivatives and investigate their dependance on the market
parameters. Figure 2.1 plots the competitive price of volatility calls (left) and vari-
ance puts (right) as a function of strike price K and maturity T . The level of
aggregate demand and inventory is set to be −100, and the other parameters are
















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Volatility calls: competitive price p versus strike K and Maturity T





































Variance puts: competitive price p versus strike K and Maturity T














Figure 2.1: Competitive prices of calls and puts as functions of K and T
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In Figure 2.2, we use a European put on volatility as an example to investi-
gate the dependence of the competitive price on the aggregate risk-aversion param-
eter γ = 1τ and the correlation coefficient ρ. The demand pressure for the graph on
the left is positive (D = 100), while that on the right is negative (D = −100). As
we can see, for positive demand pressure, the competitive price is increasing with
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Figure 2.2: Competitive prices of volatility puts as functions of γ and ρ
Similarly, we plot the competitive price as a function of the aggregate risk-
aversion parameter τ and the correlation coefficient ρ, as shown in Figure 2.3. The
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graph on the left presents a volatility put with positive demand pressure (D = 100),
while the one on the right has negative demand pressure with D = −100. Clearly,
we see that for positive demand pressure the competitive price is decreasing in risk













































































Figure 2.3: Competitive prices of volatility puts as functions of τ and ρ
From Figure 2.2 and Figure 2.3, we also observe that, as ρ → −1, the com-
petitive price becomes a constant (independent of γ and τ). This is the consequence
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of the following result
lim
|ρ|→1
p(G; ρ) = EQ0
[
g(ST , YT )
∣∣Yt = y, Zt = z] .
as shown in the previous section.
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Figure 2.4: Competitive prices as functions of strike price K
We next investigate the volatility smile under different levels of demand pres-
sure. Figure 2.4 shows the dependence of the competitive price on the strike prices
K for various levels of aggregate demand and inventory pressure. The graph on the
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left represents a variance call, while the one on the right is a volatility puts. In
both cases, the demand pressure D range from −100 to 100. Volatility smiles are
clearly shown in both graphs for every level of demand pressure. We also see that
the competitive price is increasing with respect to the levels of demand pressure.
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(a) Out-of-The-Money Variance Call G1
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(b) In-The-Money Variance Call G2
Figure 2.5: Effects of demand and inventory on competitive prices
In what follows, we focus on the effects of demand and inventory on the
competitive prices. For simplicity, we consider a market with two volatility deriva-
tives and investigate the cross effects of demands on their prices. Figure 2.5 shows
such cross effects for an out-of-the-money (OTM) variance call and an in-the-money
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(ITM) variance call. The strike price of the former is K = 0.05 and that of the latter
is K = 0.03. The other parameters are shown in Table 2.1. In this case, the two
payoffs are positively correlated and share a similar magnitude. One thus observes
a symmetric effect of demands. The competitive price of each claim is increasing as
the demand of any claim increases. The demand pressure from either claim has a









































































(b) At-The-Money Volatility Put G2
Figure 2.6: Effects of demand and inventory on competitive prices
In Figure 2.6, we turn to study the cross effects of demands for at-the-money
(ATM) volatility call and put, whose strike prices are both K = 0.2. In this case,
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their payoffs are negatively correlated. The price of the ATM call is increasing with
respect to its own demand pressure, while decreasing slightly in the demand of the
ATM put. The latter effect is insignificant because the payoff of the ATM put is
very small comparing to that of the ATM call. On the other hand, the price of the
ATM put is decreasing in the demand of the ATM call, though it is increasing in
its own demand pressure.
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(a) In-The-Money Volatility Put G1
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(b) Out-of-The-Money Volatility Put G2
Figure 2.7: Effects of demand and inventory on competitive prices
Finally, we investigate the cross effects of demands for in-the-money (ITM)
and out-of-the-money (OTM) volatility puts, as Figure 2.7. The strike price of the
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former is K = 0.25 and that of the latter is K = 0.15. In this case, the payoff
of ITM put is significantly greater than that of the OTM put, although they are
positively correlated. We thus observe that the prices of both claims are increasing
in the demand of either claim. The price effect from the demand of the ITM put is
more significant.
2.6 Conclusions
We have developed a partial equilibrium model to price non-redundant derivatives in
incomplete markets. In a Markovian diffusion setting, we established the competitive
equilibrium and derived a closed-form pricing formula based on the competition
among an arbitrary number of market makers.
Our model further shows that the price of a derivative is increasing with
the demand of any derivative in the derivative market. The increasing rate is pro-
portional to the covariance, under the competitive pricing measure, between the
unhedgeable parts of the payoffs of the associated derivatives. This result con-
tributes to explain the options-pricing puzzles, namely, index options appear to be
expensive and low-moneyness options seem to be especially expensive comparing to
other individual equity options.
The competitive pricing formula turns out to be the natural generalization of
the marginal utility pricing formula. We have also investigated the various properties
of the competitive price and its relations to the existing pricing concepts, such as
marginal utility price and indifference price. In addition, we applied our model
to price a variety of volatility derivatives and developed the associated numerical
schemes to compute the competitive prices under Heston stochastic volatility model.
In the future, we plan to extend the model to the semimartingale setting
(see Chapter 2). Another possible direction is to impose some constraints (wealth,







Most traditional asset pricing theories rely on the rational optimizing behavior of
individuals and their direct interaction through markets, which implies that finan-
cial intermediaries play no role in the markets and the determination of security
prices [see 47]. Such an extreme view is, however, inconsistent with what is ob-
served in practice: (i) Intermediaries, such as banks and insurance companies, have
existed for a long history and been playing a central role in the provision of financial
products that create values for their customers; (ii) Average individuals did not have
to make complicate financial decisions in the past, are not trained to make in the
present, and are unlikely to execute efficiently in the future, even with attempts at
education [106];1 (iii) Over the past several decades, individuals have been shifted
dramatically away from direct participation in financial markets towards participa-
tion through various intermediaries [see 3]. In short, intermediaries have been of
central importance in financial markets, particularly in derivative markets, and it is
1Even individuals have the knowledge of investment, active participation in markets is costly
or even unrealistic for individuals because, in doing so, they have to devote tremendous time and
effort to learning market behaviors and monitoring their portfolios through time.
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evident that they will become more and more significant in the future.
This paper attempts to price derivatives from the viewpoint of financial in-
termediaries, such as banks, insurance companies, options market makers, etc. In
terms of Merton’s (1993) functional perspective,2 these intermediaries perform their
functions of risk transformation and management via “manufacturing/engineering”
financial products. Instead of acting as agents, they are active counterparts in
derivatives markets, who supply specific derivative securities in principal transac-
tions for the demands of their customers (households and business firms).3 Like
other business firms, intermediaries maximize the interests of their shareholders. Be-
cause they create explicit liabilities whenever selling products, intermediaries pursue
optimal trading strategies in the capital markets (stocks, bonds, etc.) or contracting
with other institutions to manage their risk exposures.4 Given this, the derivative
pricing problem is usually embedded into that of risk management [99].
If a derivative can be replicated costlessly through dynamic trading, the
classical Black-Scholes-Merton (BSM) theory applies, and the derivative price is
uniquely determined by the no-arbitrage arguments,5 which is irrelevant to the cus-
tomers’ demand. However, such a derivative is a perfectly redundant security that
adds nothing new to the market and no social welfare, as argued by [66] in his
Catch 22 on Option-Pricing. In reality, a variety of non-redundant products are
desirable, because households and business firms bear various “basis” risks, such
as human capital, credit, weather, mortality, and catastrophe.6 To accommodate
such demands, [105] suggested some innovative products for the future financial
practice. One common issue arising in the innovation process is that these prod-
2The functional perspective of financial intermediation is based on the economic functions per-
formed by the intermediaries, such as risk transformation, rather than the activities of existing
institutions as in the traditional institutional approach. For elaboration, we refer to a series of
papers by [98, 100, 102, 101, 104, 105]. See also [123, 30] and [106].
3Such transactions can take place either in organized options exchanges or in over-the-counter
(OTC) markets. In the former, intermediaries usually act as dealers who provide liquidity to
impatient traders, while in the latter, they offer a variety of specific (tailored) products that cannot
be efficiently supported by direct trading in organized markets.
4In practice, the production process includes an activity of production identification, which may
involve issues relevant to security design. For that concern, we refer to, among others, [8, 45],
and [93].
5See [14] and [97]. Also, [103] provided a detailed descriptions on the production process in
practice that applies option-pricing theory.
6Under the “financial innovation spiral”, it is such demand by customers for non-redundant
derivatives that create/drive the business of intermediaries and further stimulate the development
of financial industry.
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ucts cannot be efficiently hedged using financial markets. In addition, even the
exchange-traded options are not perfectly replicable in the real world because of
various market imperfections, such as transaction costs, stochastic volatility, and
unpredictable jumps [48].
In this paper, we consider an incomplete semimartingale market consisting
of arbitrary numbers of fundamental securities and non-redundant derivatives. Our
goal herein is to determine the prices of these derivatives given their contractual pay-
offs. We assume an arbitrary number of risk-averse intermediaries in the economy,
who compete to provide the derivatives for the demand of their customers and trade
dynamically in the primary market to hedge part of their net risk exposures. They
manage these two activities optimally in terms of utility maximization. In equilib-
rium, the derivative prices are in turn determined by imposing the market-clearing
condition. It is not our intention to address the various incentives of derivative de-
mand by every individual customer. We, instead, incorporate directly the aggregate
demand pressure into the classical competitive equilibrium model. This simplifica-
tion allows us to analyze explicitly the price impact of the demand pressure.
The competitive assumption is justified by the growing competition within
the financial industry and from outside. Technology advances, particularly the
growth of the internet, have been cutting down the entry costs and driving the fi-
nancial intermediation towards a more competitive industry. Meanwhile, the emer-
gence of aggregators, such as LendingTree and Progressive, allows more effective
competition since customers can compare a wide base of potential suppliers [see
25]. Moreover, intermediaries have to face the competition from outside as many
big brand non-financial firms, such as GM and Sony, have started offering financial
products. In addition, it is evident that many exchange markets, such as NASDAQ
and London Stock Exchange, feature competition between market makers. As noted
by [134], market makers such as specialists in New York Stock Exchange (NYSE)
typically face competition from floor traders, competing dealers, limit orders, and
other exchanges.7 In market microstructure, models of competition among market
makers have been developed by [70] and others.
The motivation to incorporate the demand effects into our equilibrium model
7Limit orders are orders to buy (sell) that specify a maximum (minimum) price at which the
trader is willing to transact. The traders who issue limit orders are indeed acting as dealers, though
they often do not recognize this. A market order is an order to buy (sell) at prevailing prices. The
traders that submits market order can be viewed as customers. For more discussion, we refer to [67].
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lies mainly in the fact that, because of various constraints, intermediaries are sen-
sitive to unhedgeable risks [128]. Since they cannot hedge perfectly, intermediaries
have to bear significant inventory risks, which apparently depend on their customers’
specific demand. In practice, intermediaries usually adjust their prices for selected
products so as to induce their customers to buy products that reduce the overall
pressure of hedging [101, 124]. Consequently, such demand pressure becomes an
important factor for the determination of derivative prices. Similar approach is
adopted in many security exchanges, where market makers (dealers) actively adjust
the price quotations in response to fluctuations in their inventory levels [see 130, 57].
Based on such observations, the inventory control has become a standard approach
in market microstructure; see, for example, [133, 4, 94], and [95]. Moreover, recent
empirical research has found a strong correlation between the options prices (im-
plied volatilities) and the net buying pressure [see, for example, 15]. Such correlation
provides a possible resolution to the so-called option-pricing puzzles, which will be
further discussed later on. Motivated by such intensive evidence, we model the price
impact of demand pressure by incorporating the customers’ aggregate demand into
the competitive equilibrium model.
Our pricing methodology expands the economic insights of utility-based ap-
proach that has been studied extensively in mathematical finance. One popular
valuation concept is the indifference pricing, in which the derivative price is defined
as the amount that compensates an optimally behaving investor (representative
agent) for taking the risk to transact the derivative. In other words, the indiffer-
ence buying (resp. selling) price would make the (representative) investor indifferent
between buying (resp. selling) the derivative and disregarding such a trading op-
portunity. This pricing concept was introduced by [72] and has received a great
attention recently. We refer to, among others, [118, 40, 111], and [83]. It is worth
noting that the indifference prices are essentially the reservation prices of traders.
They define a range in which trading can take place, namely, the buying price is the
highest one that the buyer is willing to buy the derivative, while the selling price
is the lowest one that the writer is willing to sell. However, as shown in [129], the
indifference selling price is always higher than the buying price, which implies that
such pricing criterion does not allow an equilibrium in the derivative market; see
also [35].
Alternatively, [32] introduced the concept of marginal utility pricing (“fair
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price”) based on the idea of “marginal rate of substitution”. Precisely, the fair price
is defined to be such that the representative agent cannot increase her/his expected
utility by diverting an infinitesimal amount of his/her capital into the claim. Unlike
indifference prices, the marginal price is linear, symmetric for buyer and seller, and
it turns out to be the limit of indifference price for an infinitesimal quantity. This
pricing concept has been further studied by, among others, [79, 80] and [51]. The
uniqueness of the marginal price was proved by [74]. More recently, [85, 86] analyzed
the sensitivity and asymptotic property of the marginal price.
To the best of our knowledge, most of these models are based on the assump-
tion that there is a single (representative) agent who has the power to determine
the prices. Also commonly assumed is that the derivatives have zero demand and
inventory pressure, which presumably erases their effects on the prices. Moreover,
despite the ad hoc pricing criteria and technical advances, a satisfactory understand-
ing of the economic nature of utility-based pricing and its ultimate alignment with
classical asset equilibrium concepts are still lacking in the literature. In contrast,
we model directly the competition among an arbitrary number of financial inter-
mediaries based on their optimal behavior in an incomplete semimartingale market,
and analyze the price effects of the aggregate demands by customers. Our approach
incorporates the effects of demand and inventory into the classical concept of equi-
librium and produce a meaningful pricing formula.
Besides the contribution to the modelling of intermediation, our work provide
insights to explain the option-pricing puzzles – that index options appear to be
expensive and that low-moneyness options seems to be especially expensive. These
puzzles have been well documented in the literature of empirical options pricing;
see, among others, [91, 9, 28, 16, 5], and [26].
One possible resolution was initiated by [15], who studied the S&P 500 in-
dex options (SPX) market and found that option implied volatilities are positively
correlated to the net buying pressure for options. They further used the net buying
effect to explain the shape of the volatility “smile” or “smirk” across different option
series. Many others followed this approach. For example, [21, 22] examined the net
buying effects using the Hong Kong Hang Seng index options and supported Bollen
and Whaley’s results. More recently, [56] further analyzed the demand effects on
option prices in a discrete time market with a single agent and documented that cus-
tomers tend to have a net long SPX option and a short equity option position. They
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concluded that demand pressure help to explain the relative expensiveness of index
options. Consistently, our model shows the price of a derivative is increasing with
the demand of another derivative in a rate proportional to the covariance, under the
competitive pricing measure, between the unhedgeable parts of the two associated
derivative payoffs. This result helps to explain the options-pricing puzzles because
it is evident that the demands of index options and deep out-of-the-money (OTM)
puts are very high comparing to other individual equity options.
In addition, our work relates to optimal positioning in derivatives, see, for
example, [20, 19, 90], and [76, 77]. Another stream of literature related to our
approach is the market completion, see, for example, [73] and [23].
The remainder of this paper is organized as follows. In Section 3.2, we de-
scribe the competition-based pricing model in an incomplete semimartingale market.
Section 3.3 provides techniques based on convex duality for solving the underlying
optimizing problems and the equilibrium. We derive the competition-based pricing
formula and investigate the associated properties in Section 3.4. Section 3.5 focuses
on the sensitivity analysis on the price impact of demand. In Section 3.6, we discuss
the relations to existing pricing concepts. We further present an example under
Markovian diffusion framework in Section 3.7. Finally, Sections 3.8 concludes.
3.2 The Competition-Based Pricing Model
3.2.1 The Market
We fix a finite horizon T < ∞ and consider a continuous-time financial market
consisting of d+ 1 fundamental securities, one riskless bond S0 and d (d ≥ 1) risky
stocks (S1, · · · , Sd), whose prices are given exogenously. Without loss of generality,
the price process of the bond is normalized to one, namely, S0t ≡ 1. The price process
S := (S1t , · · · , Sdt )0≤t≤T of the stocks is modelled as a d-dimensional locally bounded
semimartingale on a given filtered probability space (Ω,F ,F, P ). The filtration
F := (Ft)0≤t≤T satisfies the usual conditions of right continuity and completeness, so
that all semimartingales are chosen to be right-continuous with left limits (càdlàg).
To exclude arbitrage opportunities among the fundamental securities, we
assume the existence of equivalent local martingale measures (ELMM), namely, the
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set of ELMM
Pe := {Q ∼ P |S is a local (F, Q)-martingale} 6= ∅. (3.1)
The equivalence between the absence of arbitrage opportunities and the existence
of ELMM has been well established in mathematical finance; see [41, 42] for the
precise statements.
We denote by (ϑ, x) a self-financing portfolio with initial capital x and ϑ
being an admissible trading strategy that will be defined rigorously later on (see
Definition 3.3.1). Then the corresponding wealth process Xϑ,x evolves in time ac-
cording to the stochastic integral of ϑ with respect to S, namely
Xϑ,xs := x+ (ϑ · S)s = x+
∫ s
t
ϑu · dSu, t ≤ s ≤ T. (3.2)
Besides the fundamental securities, there are also n (n ≥ 1) derivatives (con-
tingent claims) available in the market, which are characterized in terms of their
terminal payoff at maturity T . The derivative payoffs are given exogenously by
n random variables (G1, · · · , Gn) that are FT -measurable. To avoid triviality, we
assume that all these derivatives are non-redundant in the sense that any linear com-
bination of G is not replicable by an admissible trading strategy in the underlyings,
namely
∃ ϑ ∈ Θ (ϑ · S)T + α ·G = const P -a.s. =⇒ α = 0. (3.3)
It is worth noting that the set {EQ[α · G] |Q ∈ Pe} containing all no-arbitrage
prices of the claim α ·G is either a unique point or an open interval, the former of
which implies that the claim α · G is replicable [see 122, Theorem 5.3]. The above
assumption thus means that the set of no-arbitrage prices is an open interval.
In this paper we are interested in the initial price p0 := (p10, · · · , pn0 ) or even
the entire price process pt := (p1t , · · · , pnt ) of the derivatives G := (G1, · · · , Gn). For
technical reasons we assume that G is bounded. Although some derivatives such as
call options have an unbounded payoff, it will not affect the practical accuracy to
truncate the payoff conditional on sufficiently extreme events.
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3.2.2 The Market Players
As discussed previously, our economy is populated with an arbitrary number of
intermediaries as well as their customers. For various internal reasons, such as
agency problem, capital constraints, portfolio insurance, or gambling entertainment,
customers demand to trade derivatives with intermediaries. We do not intend to
address such incentives in details. Instead, we assume that the customers’ aggregate
demand of derivatives at time t, Dt := (D1t , · · · , Dnt ), is given exogenously. It is
worth noting that such demand Dt is observable directly from the market data; see,
for example, [15].
On the supply side, intermediaries satisfy the aggregate demand of deriva-
tives through competition. They provide liquidity to the derivatives market while
bearing some inventory risk. We assume that at time t there exist a finite number
of intermediaries indexed by It, who have constant absolute risk aversion (CARA).
That is, they have exponential utility functions
Ui(x) = −e−γix, x ∈ R, (3.4)
with γi > 0 being the risk aversion parameter of intermediary i ∈ It. We shall
also use the risk tolerance parameter τi = 1γi because it provides more intuition
in interpreting our pricing formula. The objective of intermediaries is to maximize
the expected utility of terminal wealth by choosing optimally the (static) derivative
positions and a subsequent dynamic hedging strategy.
Now suppose that, with initial endowment of xi at time t, each intermediary
i takes static positions qi := (q1i , · · · , qni ) in the derivatives G. Since the market is
competitive, the price vector pt = (p1t , · · · , pnt ) of the derivatives is taken as given,
and the derivative positions thus cost (qi ·pt) with “·” being the usual inner product
on Rn. The intermediary i then invests the remaining capital of (xi − qi · p) into
the underlyings using an optimal trading strategy ϑi, whilst collecting a random
derivative payoff qi · G at maturity T . At time t, each intermediary i wants to
maximize the expected utility of terminal wealth over both the static derivative
positions qi and the dynamic trading strategy ϑi in the underlyings, and therefore
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Xϑi,xi−qi·ptT + qi ·G
) ∣∣∣Ft] , (3.5)
where Θ is the set of admissible trading strategies to be defined in the sequel, and
i ∈ It. Since we are interested in the equilibrium prices, we assume the existence
of the optimal investment strategies and use them to define the competition-based
derivative prices. The technical assumptions to ensure such existence will be specify
in Section 3.3.
3.2.3 The Competitive Equilibrium
The derivative prices are determined through a competitive equilibrium among the
intermediaries as well as their customers. Precisely we introduce the following defi-
nition.
Definition 3.2.1. The competitive price of the derivatives G is defined as vector
p(G,D) such that each intermediary i admits an optimal position q∗i in the deriva-
tives and the derivative market clears. That is, the derivative price vector p satisfies
the partial market clearing condition∑
i∈It
q∗i (p) +Dt = 0, (3.6)
where q∗i is the solution to the optimal investment problem (3.5) for intermediary
i ∈ It.
In the above definition, the derivative prices are set based on the partial
equilibrium arguments because no market clearing condition is imposed on the un-
derlyings whose prices are given exogenously. It is a compromise between the no-
arbitrage arguments in the classical derivative pricing and the general equilibrium
theory in asset pricing. Although it relies on the classical pricing principle of equi-
librium from economic theory, this pricing notion is relatively new in derivatives
8This optimization problem was previously considered by [77] in the context of indifference
pricing. With appropriate assumptions on the price vector pt, they proved the existence and
uniqueness of the optimal solution using an approach relying heavily on the properties of indifference
price. We will offer a straightforward approach to solve such optimization problem in Section 3.4
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pricing, in that it introduces competition and demand effect into the pricing mech-
anism. Some similar definitions based on partial equilibrium can be found in, for
example, [73, 23], and [56].
The difficulty in solving the equilibrium partially lies in the fact that the op-
timization problem (3.5) in general does not admit a closed-form solution. However,
it is useful to observe that the optimization problem can be written as
max
qi∈Rn
u (γi(xi − qi · p), γiqi;G) , (3.7)
where we have introduced the value function











ϑ · dS + α ·G
)} ∣∣∣Ft] , (3.8)
with Θ being the set of admissible trading strategies to be defined in the sequel.
For fixed G and α, the value function u measures the maximal utility of
terminal wealth arising from the derivative payoff α · G together with the value of
an optimal trading strategy starting with initial capital x. Thanks to the fact that
Θ is a cone, we choose to absorb the risk aversion parameter into other parameters
when writing the value function. This is tailored to emphasize the essential structure
of the problem and ease our subsequent presentation. The valuation problem (3.8)
and its variations have been studied extensively in mathematical finance. Convex
duality is one of the most popular approaches because the dual problem provides
a simpler structure and admits a semi-closed form solution; see, among others,
[54, 40, 78], and [10].
3.3 Utility Maximization and Convex Duality
In this section we prepare the technical ground for solving the equilibrium model.
The key component is the convex duality, in particular the dual relation between









where Pf is a set of local martingale measures to be defined below.
We recall that the relative entropy H(Q|P ) of any probability measure Q









) ∣∣Ft] if Q P,
+∞ otherwise,
where dQdP is the Radon-Nikodym derivative of Q with respect to P . It is worth
noting that the relative entropy H(Q|P ) measures the distance between the two
probability distributions Q and P , which is always nonnegative [see 75]. The set Pa
of absolutely continuous local martingale measures (ALMM) for S with respect to
F, and the set Pf (P ) of ALMM with finite entropy are defined as
Pa := {Q P |S is a local (F, Q)-martingale},
Pf := Pf (P ) := {Q ∈ Pa|H(Q|P ) < +∞}.







for α ∈ Rn. This is sometimes called an Esscher transform or Esscher change of
measure [see 60]. In the sequel, it will be often convenient to work with measure Pα
rather than P . Since G is bounded, it is obviously that Pα ∼ P and we can write





which implies that H(Q|Pα) < +∞ if and only if H(Q|P ) < +∞. Therefore,
Pf (Pα) = Pf (P ),
and we simply write Pf hereafter. In addition, since Pα is equivalent to P , we could
obviously replace P by Pα in the definitions of Pa and Pe without altering them.
To this end, we are ready to specify the set of admissible trading strategies
Θ.
Definition 3.3.1. A self-financing trading strategy ϑ is called admissible if it is
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F-predictable S-integrable Rd-valued process such that the stochastic integral ϑ · S
(namely, the wealth process Xϑ,x) is a (F, Q)-martingale for all Q ∈ Pf . We denote
by Θ the set of all admissible trading strategies, namely
Θ := {ϑ ∈ L(S)|ϑ · S is a (F, Q)-martingale for all Q ∈ Pf}.
We remark here that there are actually many choices for Θ that leads to the
same value function u, namely, the same dual problem; see [40] for some examples.
Generally speaking, it is enough to ensure that Θ contains the optimal trading
strategy whose value is given by the dual problem. Technically, we require that Θ





















We adopt the above definition for intuitive sake, though other choices of Θ will not
affect our competition-based price since its definition is based on u.
To obtain the duality results, we need to assume that there exists some
ELMM with finite entropy, i.e.
Pf ∩ Pe 6= ∅, (3.13)
where Pe is the set of ELMM defined in (3.1). Under assumption (3.13), it has been
shown that there is a unique martingale measure Q(α) ∈ Pf ∩ Pe minimizing the
relative entropy H(Q|Pα) with respect to Pα over all Q ∈ Pf . Moreover, the density













ϑαu · dSu − α ·G
}
, (3.14)
for some ϑα ∈ L(S) such that ϑα · S is a Q(α)-martingale and cα ∈ R; see Theorem
2.2 and 2.3 of [? ]Frittelli00MF and Proposition 3.2 and the proof of Theorem
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H(Q|P ) + EQ[α ·G]
)
and both infima are attained by the same minima Q(α). In terms of Q(α), we thus
write
v(α;G) = H(Q(α)|P ) + EQ(α)[α ·G]. (3.15)
It is worth noting that for fixed G, the minimal entropy martingale measure Q(α)
depends only on the parameter α. We write it as a function of α for our subsequent
purpose.
Now we are ready to present the duality results on the exponential utility
maximization problem and the associated dual problem, which is due to [40] and [78].
Proposition 3.3.2. Assume that the price process S is locally bounded and ad-
mits an equivalent local martingale measure with finite entropy. Then the utility
maximization problem (3.8) admits the following dual relation
sup
ϑ∈Θ












Moreover, the supremum in the primer problem is attained by some strategy ϑα ∈ Θ
and the infimum in the dual problem is attained by a unique martingale measure
Q(α) ∈ Pf ∩ Pe with density defined in (3.14).
The above result identifies the duality relation between the maximization
of expected exponential utility with contingent claims over a space of admissible
trading strategies and the minimization of relative entropy with a correction term
involving the claims over a space of martingale measures. This duality result enables
us to study the utility maximization problem through its dual problem because the
latter provides a simpler structure. In the sequel, we investigate some important
properties of the dual problem (3.9) that will be useful for solving our equilibrium.
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To facilitate the subsequent presentation, we define a functional
f(Q;α) :=
(
EQ[α ·G] +H(Q|P )
)
, (3.17)
and rewrite the dual problem (3.9) as
v(α;G) = inf
Q∈Pf
f(Q;α) = f(Q(α);α). (3.18)
In addition, we will frequently use Csiszár’s theorem [31] on minimal entropy
measures. For ease of future reference, we state it as a lemma in our framework:
Lemma 3.3.3. A measure R ∈ Pf minimizes entropy H(Q|P ) over Q ∈ Pa (or Pf )
if and only if
H(Q|P ) ≥ H(Q|R) +H(R|P ) (3.19)
for every Q ∈ Pa (or Pf ).
To this end, from (3.14), it can be shown that cα = v(α;G) by multiplying
dPα/dP and taking log and expectation with respect to Q(α) on the both sides.









ϑαu · dSu − α ·G
}
, (3.20)
for some ϑα ∈ L(S) such that ϑα · S is a Q(α)-martingale.
Regularity. The following theorem summarizes the regularity results related to
the dual problem, which will be useful for solving the optimal investment problems.
Theorem 3.3.4.
(i) The value function α 7→ v(α;G) is (absolutely) continuous on Rn.
(ii) The functions α 7→ EQ(α)[G] and α 7→ H(Q(α)|P ) are continuous on Rn.
(iii) Moreover, the function α 7→ v(α;G) is continuously differentiable on Rn and
its gradient is given by
∇v(α;G) = EQ(α)[G], (3.21)
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with Q(α) being defined in (3.20).
Proof. We provide a detail proof for the above results in Appendix A.1.
It is worth noting that the above results can be easily apply to establish the
differentiability of indifference price using its well-known representation formula. A
different approach in studying such differentiability can be found in Theorem 5.1
of [77], where they relies on the related representation and asymptotic results on
indifference prices. The approach we used in Theorem 3.3.4 are actually more general
and straight for handling the regularity of such a value function v. It indicates that
such regularity is directly implied by the uniform boundness of EQ[G].
Concavity. We next consider the concavity of v.
Theorem 3.3.5. The value function v(α;G) is strictly concave in α on Rn.
Proof. We first fix a measure Q ∈ Pf ∩ Pe, and it is clear that the function
f(α;G) = α · EQ[G|Ft] +H(Q|P )
is affine in α. Thus, from (3.9) we see that v(α;G) is an infimum of affine functions
on Rn, and hence is concave. We next argue that such concavity is indeed strict.
Otherwise, let us suppose that it is not true, then there must be some α, β ∈ Rn
such that α 6= β and v is affine on the line segment between α and β. From the












The right-hand side equals zero due to our assumption that v is affine on the line
segment and the gradient formula (3.21). The left hand side is a sum of two nonneg-
ative terms, hence both are zero. This implies Q(β) = Q(α) by the uniqueness of
the minimal entropy martingale measure. Thus, applying (3.14) to Q(β) and Q(α)
shows that
(ϑβ − ϑα) · S + (β − α) ·G = cβ − cα = const.
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It further follows from our assumption (3.3) that β − α = 0, which contradicts to
α 6= β and completes the proof.
3.4 The Competition-Based Derivative Prices
In this section, we devote to construct the competition-based derivative prices
p(G,D). We start from solving the optimal investment problems (3.8). The fol-
lowing theorem provides the existence and uniqueness for the optimal investment
problem and characterize the solutions in terms of the first-order condition.
Theorem 3.4.1. The intermediaries’ optimal investment problems (3.7) admit a
solution (ϑi, qi) and the optimal derivative positions qi is unique provided that the
derivatives are non-redundant. Moreover, the optimal derivative positions qi are
characterized by the first-order condition
EQ(γiqi) [G|Ft]− pt = 0, (3.22)
where Q(α) ∈ Pf ∩ Pe is the minimal entropy martingale measure defined in (3.20).
Proof. The existence of ϑi have been well established in the duality arguments.
Concerning the optimal derivative position qi, we first combine (3.8), (3.9), and
(3.16) to write
u(x, α;G) = − exp {−(x+ v(α;G))} , (3.23)









v(γiqi;G)− γiqi · p
)}
.
Thus, the existence and uniqueness of qi follow directly from those of v(α;G) as a
function of α. To see the existence, we fix a measure Q ∈ Pf ∩ Pe, and it is clear
that the function
f(α;G) = α · EQ[G|Ft] +H(Q|P )
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is affine in α. Thus, from (3.9) we see that v(α;G) is an infimum of affine functions
on Rn, and hence is concave. This proves the existence.
For the uniqueness, let us assume that α, β ∈ Rn are two maxima of v, then
we have v(α;G) = v(β;G) and EQ(α)[G] = EQ(β)[G] = 0. From (A.2), we find
H(Q(β)|Pα)−H(Q(α)|Pα) = v(α;G)− v(β;G)− (β − α) · EQ(β)[G] = 0,
which implies that Q(β) = Q(α) since the minimal entropy martingale measure is
unique. Thus, applying (3.14) to Q(β) and Q(α) shows that
(ϑβ − ϑα) · S + (β − α) ·G = cβ − cα = const.
It further follows from our assumption (3.3) that β − α = 0, which proves the
uniqueness.
The first-order condition of u is given by
0 = ∇qiu (γi(xi − qi · p), γiqi;G)
= γiu [p−∇αv(γiqi;G)] ,
which yields that
p−∇αv(γiqi;G) = 0. (3.24)
Thus the first order condition (3.22) follows by applying the gradient formula (3.21).
Remark 3.4.2. The existence and uniqueness of qi are implied by Theorem 3.3.5.
We provide such a proof in Appendix A.1.
In the next theorem, we summarize the main results on the pricing formula
and the associated pricing measure.
Theorem 3.4.3.
(i) Given any demand D from the customers, there exists a unique equilibrium for
the derivatives market.
(ii) Let τ denote the aggregate risk tolerance parameter of the intermediaries in







, and define the probability measure
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where D is the aggregate demand of the derivatives G. Then the competition-based
derivative prices p(G,D) is given by the condition expectation
pt = EQ∗ [G|Ft] , (3.26)
with Q∗ being the minimal entropy martingale measure with respect to the prior P∗,
namely, Q∗ = arg minQ∈Pf H(Q|P∗) = arg minQ∈Pf H(Q|P )− 1τE
Q[D ·G].










ϑ∗u · dSu −D ·G
)}
, (3.27)














Proof. We shall prove the existence and uniqueness by constructing explicitly the
equilibrium. From Theorem 3.4.3, we see that for any given price vector pt, there
exists a unique solution αp to the equation
EQ(α)[G|Ft]− pt = 0,
where Q(α) is given by (3.20). Thus the first-order condition (3.22) shows that the













To this end, the first-order condition (3.22) again shows that the unique equilibrium
price pt is given by
pt = EQ(−D/τ)[G|Ft].
Therefore, we conclude by denoting Q∗ = Q(−D/τ) and recalling the definition of
Q(α).
Obviously, when demand D = 0, the pricing measure Q∗ reduces to the
minimal entropy martingale measure Qe. We thus have the following result as a
corollary.
Corollary 3.4.4. Assuming zero demand for the derivatives, then the competitive
prices p(0, G) is given by
p(0, G) = EQ(0)[G], (3.29)
where Q(0) is the minimal entropy martingale measure with respect to the historical
measure P .
3.4.1 Properties of Competition-Based Pricing
In what follows, we investigate some properties of the competition-based prices.
First of all, we observe that the competition-based pricing measure Q∗ defined in
(3.27) is independent of the agent’s initial capital endowment.




EQ[B] ≤ EQ∗ [B] ≤ sup
Q∈Pe
EQ[B],
for any bounded claim B = α · G. This shows that the competition-based price
consists with the no-arbitrage principle.
The Pricing Kernel. From Theorem 3.4.3, we deduce the following pricing kernel















udSu is the terminal wealth of the optimal strategy. In terms
of this pricing kernel, the derivative prices is represented by
pi = EQ∗ [Gi] = E[ξ(D)Gi]. (3.31)
Scaling Invariance. We have the following scaling property for the pricing kernel
ξ(kD, kτ ;G) = ξ(D, τ ;G).
Hedging Strategy. We next consider the optimal hedging strategies for the inter-
mediaries. From the construction of the competitive price, we see that the optimal



























It is worth noting that the hedging strategy is unique in the sense that its terminal
value X∗(D) is unique for given market data (D,G).
3.5 The Demand Effects on Derivative Prices
In this section we investigate the price effects of demand. We first recall that, in
terms of the pricing kernel ξ(D;G), the competitive price pi of the derivative Gi is
given by pi = E[ξ(D)Gi] with ξ defined in (3.30).
Theorem 3.5.1. The partial derivative of pi with respect to the demand Dj, (i, j =










G̃i = Gi − EQ∗ [Gi]−
∂X∗(D)
∂Di
is the unhedgeable part of the claim Gi and EQ∗ [G̃i] = 0.




























































































The above result shows that the price of a derivative is increasing with the
demand of another derivative in a rate proportional to the covariance, under the
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competitive pricing measure, between the unhedgeable parts of the two associated
derivative payoffs. In particular, the derivative price is increasing with its own
demand pressure. This is helpful to resolve the option-pricing puzzles because it
is evident that the demands of index options and deep out-of-the-money (OTM)
puts are very high comparing to other individual equity options; see among others,
[15, 21, 22, 56].
3.6 Relations to Existing Pricing Concepts
The concept of competition-based pricing has a broad connection to the prevailing
concepts of pricing in the literature. In this section we investigate some of them.
The Marginal Utility-Based Pricing. The marginal indifference price was first
introduced by [32] based on the idea of “zero marginal rate of substitution”.9 Con-
sidering a representative agent economy and a given contingent claim, the fair price
p̂ is defined such that the agent can not increase his expected utility by diverting an
infinitesimal amount of his capital into the claim. Formally, we quote the following
definition from [32].
Definition 3.6.1. Consider a single European claim B and a representative agent
who wants to maximize the expected utility of terminal wealth:







where U(x) is the agent’s utility function satisfying the Inada condition. Then the







Under exponential utility U(x) := −e−γx, it has been shown that the fair
price is given by
p̂ = EQ(0)[B],
9There are many terminologies arising from this pricing concept such as “marginal (indifference)
price”, “(marginal) utility-based price”, “Davis’ fair price”, “neutral price” as in [79, 80], and
“shadow price” as in [51].
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for a bounded claim B. This coincides with the competition-based price when we set
the demand pressure equal zero and the aggregate risk tolerance parameter equal
1/γ. In other words, the marginal price can be interpreted as a special case of
competition-based price. It corresponds to the case of single agent, single deriva-
tive, and zero demand pressure. Therefore the concept of competition-based price
generalizes the framework of marginal utility price.
The fair price can be also viewed as the limit of indifference price for vanishing
risk-aversion (say, infinitesimal contract volume).
3.7 Examples in Markovian Diffusion Framework
In this section, we consider a continuous-time financial market consisting of a risk-
less bond B (money-market account) and a risky stock S, whose prices are given
exogenously. The uncertainty of the world is described by a complete filtered prob-
ability space (Ω,F ,F, P ), on which is defined a standard two-dimensional Brownian
motion (W 1t ,W
⊥
t ; t ≥ 0), where F = (Ft)t≥0 is the P -augmented filtration generated
by (W 1,W⊥). The stock price is assumed to follow a diffusion process satisfying
dSt = µ(t, Yt)Stdt+ σ(t, Yt)StdW 1t , t ≥ 0, (3.36)
with S0 > 0. The drift µ and volatility σ of the stock are driven by a stochastic
factor Y , which is modelled as a correlated diffusion
dYt = b(t, Yt)dt+ a(t, Yt)(ρdW 1t + ρ̄dW
⊥
t ), t ≥ 0, (3.37)
with ρ ∈ (−1, 1) being the correlation coefficient and ρ̄ =
√
1− ρ2. The bond
is assumed to mature at T and be tradable over the time horizon [0, T ], yielding
constant interest rate r. Without loss of generality we take r = 0, which is equivalent
to use the bond as numeraire. The results for r > 0 follow directly from the standard
rescaling arguments and are not presented herein.
The market coefficients µ(·, ·), σ(·, ·), b(·, ·), and a(·, ·) are assumed to satisfy
all the regularity conditions such that equations (3.36) and (3.37) have a unique
strong solution satisfying Ss > 0 P -a.s. for a.e. s ∈ [t, T ]. The Sharpe ratio process
of the stock is defined by λt = λ(t, St), t ≥ 0 with λ(t, S) := µ(t, S)/σ(t, S).
We denote by (π, x) a self-financing portfolio with initial capital x and π
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being the amount invested in the stock. Then, direct calculation shows that the
corresponding wealth process Xπ,x satisfies the following controlled diffusion equa-
tion
dXs = µ(s, Ys)πsds+ σ(s, Ys)πsdW 1s , t ≤ s ≤ T, (3.38)
with Xt = x ∈ R [see 96]. The amount invested in the stock (πs) is the only control
variable that represents a trading strategy. A control process π is called admissible




+∞. We denote by A the set of all admissible trading strategies.
Besides the fundamental securities, there are also n (n ≥ 1) derivatives (con-
tingent claims) available in the market, which are characterized in terms of their
terminal payoff at maturity T . The derivative payoffs are given exogenously by n
random variables (G1, · · · , Gn) that are contingent only on Y . To avoid triviality,
we assume that all these derivatives are non-redundant in the sense of (3.3).




u(t, xi − qi · p, qi; γi), (3.39)
where we have introduced the value function








Xπ,xT + q ·G
)} ∣∣Ft] , (3.40)
with Xπ,x being the wealth dynamics defined in (3.38) and A the set of admissible
trading strategies.
For fixed G and q, the valuation problem (3.40) evaluates the maximal utility
of terminal wealth arising from the derivative payoff q ·G and the terminal fund that
can be achieved by trading optimally in the underlyings with initial capital x. Such
valuation problem and its variations have been studied extensively in mathematical
finance, in particular, in the context of indifference pricing. Stochastic control is one
of the most popular approaches, which studies the problem through the associated
Hamilton-Jacobi-Bellman (HJB) equations. Thanks to the convenience of exponen-
tial utility, we are able to construct the classical solutions for such fully nonlinear
equations using separation of variables. It follows from a standard argument of
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viscosity solution that these solutions must coincide with the respective value func-
tion. In the sequel, we analyze the valuation problem (3.40) following the similar
approach used in [111].












a2uyy + buy = 0, (3.41)
for (t, x, y) ∈ [0, T ] × R × R, with u(T, x, y) = −e−γ(x+q·g(y)). Moreover, following
similar arguments used in Theorems 4.1 and 4.2 of [46], we find that the value
function u defined in (3.40) is the unique viscosity solution of (3.41) in the class
of functions that are concave, increasing in x, and uniformly bounded in y for any
fixed (t, x). We now proceed to solve the HJB equation (3.41).
Proposition 3.7.1. The value function u can be further represented by
u(t, x, y; q, γ) = −e−γxf(t, y; q, γ)
1
1−ρ2 , (3.42)




a2(t, y)fyy + [b(t, y)− ρλa(t, y)] fy =
1
2
(1− ρ2)λ2(t, y)f, (3.43)
with f(T, y; q, γ) = exp{−γρ̄2q · g(y)} for all y ∈ R.
Proof. The proof follows along the similar arguments used in Theorem 2.2 in [129]
and hence omitted.
To prepare for the probabilistic representation of the value function u, we
recall that under stochastic volatility model the density of an equivalent local mar-
























where P is the historical measure, λ is the Sharpe ratio process of the stock, and




sds < +∞ a.s. [12]. We assume that
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E[dQ/dP ] = 1 so that Q is a probability measure equivalent to P on FT . A












We denote by M the set of all ELMM. It is worth noting that the set M is one-
to-one correspondence to the set Φ of integrands ϕ. We write Qϕ to emphasis the
dependence of Q on ϕ whenever needed. Under measure Q ∈ M, the dynamics of




dYt =(b(t, Yt)− a(t, Yt)(ρλ(t, Yt) + ρ̄ϕt)) dt
+ a(t, Yt)
(






where (W 1,Q,W⊥,Q) is a two-dimensional standard Brownian motion defined by












Among all ELMM, the minimal entropy martingale measure (MEMM) is
closely related to the exponential utility maximization [see 40]. We recall that the










) ∣∣Ft] if Q P,
+∞ otherwise,
where dQdP is the Radon-Nikodym derivative of Q with respect to P . It is worth
noting that the relative entropy H(Q|P ) measures the distance between the two
probability distributions Q and P , which is always nonnegative [see 75]. The entropy
of an ELMM Q ∈M is













Obviously, there exists an ELMM with finite entropy. Thus there is a unique mar-
tingale measure Qe ∈ M minimizing the relative entropy H(Q|P ) over all Q ∈ M,
nemely
Qe = arg min
Q∈M
H(Q|P ). (3.50)
See Theorem 2.2 and 2.3 of [54] and Proposition 3.2 and the proof of Theorem 4.3
of [64].
Another important martingale measure arising from our valuation problem
















which corresponds to take ϕ = 0 in (3.44). This measure was originally introduced
by [52]. Under measure Q0 the discounted traded asset is a martingale while the
law of the orthogonal martingale measure remains unchanged. For models with
continuous price process, it has been shown that Q0 is the martingale measure
minimizing the reverse entropy H(P|Q) over all ELMM Q ∈M, i.e.
Q0 = arg min
Q∈M








We refer the reader to [125, 126] for more discussions. We are now ready to prove
the following representation of the value function u.
Theorem 3.7.2. The value function u is given by
u(t, x; q; γ) = − exp {−γ(x+ w(t, y; q; γ))} , (3.53)
where






















































Proof. By Girsanov’s theorem, the dynamics of S and Y under MMM Q0 are given
by
dSt = σ(t, Yt)StdW̃ 1t , (3.56)
dYt = (b(t, Yt)− ρλa(t, Yt))dt+ a(t, Yt)(ρdW̃ 1t + ρ̄dW⊥t ), (3.57)




0 λ(s, Ys)ds is a Q0-Brownian motion independent with W
⊥
t .
Using Feynman-Kac formula, we find that the solution f(t, y) to the equation (3.43)
admits the probabilistic representation









λ2(s, Ys)ds− γρ̄2q · g(YT )
} ∣∣∣Yt = y] , (3.58)
for (t, y) ∈ [0, T ]× R.























which is sometimes called Esscher change of measure. Combining (3.58) and (3.59),
we find that

















Denote w(t, y; q, γ) = − 1
γρ̄2
log f(t, y), then direct calculation show that w is given
by (3.54). Thus we conclude the representation (3.53) by recalling (3.42). The
fact that Qe is the minimal entropy martingale measure has been well established;
see [54, 6, 64], and [108]. We finally combine (3.51) and (3.59) to derive the density
(3.55).
It is useful to observe that the value function w(t, y; q, γ) is strictly concave in
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q for all (t, y) ∈ [0, T ]×R. To see this, we recall that the function F (z1, z2) = z1z2 is
convex on R+×R+ and the concavity follows by applying Jensen’s inequality. Now
we are ready to prove the following results.
Theorem 3.7.3. The intermediaries’ optimal investment problems (3.39) admit a
unique solution (πi, qi), where the optimal derivative holdings qi are characterized







)∣∣∣Yt = y] = 0, (3.60)
where Qe is the minimal entropy martingale measure defined in (3.55).
Proof. The existence and uniqueness of πi have been well established. For those of
qi, we observe from (3.39) and (3.53) that
max
qi∈Rn





w(t, y; qi, γi)− qi · p
)}
,
where w is given in (3.54). Thus, the existence and uniqueness of qi follow directly
from the concavity of w.
The first-order condition of u is given by
0 = ∇qu(t, xi − qi · p, y; qi, γi)
= γu [p−∇qw(t, y; qi, γi)] ,
which yields that









∣∣∣Yt = y] , (3.61)
and completes the proof.
In the next theorem, we summarize the competition-based pricing formula
and the associated pricing measure.
Theorem 3.7.4. Let τ denote the aggregate risk tolerance parameter of the interme-







, then the competition-based
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price p(G,D) is given by
pt = EQ∗ [g(YT )|Yt = y] , (3.62)














τ D · g(YT )
}] , (3.63)
is an Esscher transform of the minimal entropy martingale measure Qe.
Proof. We first take the price vector pt as given and denote by αp the unique solution
to the equation
EQe [e
−ρ̄2α·g(YT )(g(YT )− pt)|Yt = y] = 0,
where Qe is given by (3.55). Thus the first-order condition (3.60) shows that the












To this end, the first-order condition (3.60) again shows that the equilibrium price















∣∣∣Yt = y] . (3.64)
Therefore, we conclude by denoting recalling the definition of Q∗.
From the above result follows immediately that for D = 0, the pricing mea-
sure Q∗ becomes identical to the minimal entropy martingale measure Qe. In this
case, the competition-based price reduces to the marginal utility price, namely,
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pt = EQe [g(YT )|Yt].
Remark 3.7.5. From Theorem 3.4.3, we see taht the pricing measure Q∗ can be



















where D is the aggregate demand of the derivatives G. Then the pricing measure
Q∗ coincides with the minimal entropy martingale measure with respect to the new
prior P∗, namely,
Q∗ = arg min
Q∈M









In the sequel, we follow Section 3.5 to derive the price effects of demand. In










are given by (3.55) and (3.63), respectively. In terms of pricing
kernel ξ(D), the competitive price of the derivative Gj is given by pj = E[ξ(D)Gj ].
We have the following result.



















where G̃j = ρ̄Gj is the unhedgeable part of the claim Gj.







































































We have developed a competitive equilibrium approach to price derivatives in an
incomplete semimartingale market, which consists of arbitrary numbers of funda-
mental securities and non-redundant derivatives.
Based on Merton’s functional perspective of financial intermediation, we
model the competition among an arbitrary number of financial intermediaries in
an incomplete semimartingale market and analyze the price effects of aggregate
demand by their customers.
Our model shows that the price of a derivative is increasing with the demand
of another derivative in a rate proportional to the covariance between the unhedge-
able parts of the two associated derivative payoffs, calculated under the competitive
pricing measure. In particular, the price of a derivative is increasing with its demand






Indifference Valuation for A
Stream of Contingent Claims
4.1 Introduction
Indifference valuation is, by now, one of the popular derivative pricing methodolo-
gies in incomplete markets. The central idea is to produce the notion of value by
replacing the traditional replication argument by the investment optimality. Gen-
erally speaking, the indifference price is the amount of money that makes a rational
investor indifferent between the investment opportunities with and without hold-
ing the derivative. Mathematically, indifference prices are characterized by two
expected utility maximization problems with constraints. This valuation concept
was introduced originally by [72] in analyzing the impact of transaction costs on the
price. Indifference prices have been extensively studied through both primal and
dual forms of the underlying stochastic optimization problems.
The primal approach is based on stochastic control and dynamic program-
ming technique. The underlying expected utility maximization problem with an
additional liability have been studied by many authors. For example, [35] analyzed
the associated Hamilton-Jacobi-Bellman equations. More results on hedging in in-
complete models with intermediate consumption can be find in [44]. With a single
lognormal stock dynamics, [33, 34, 68] and [137] studied the indifference pricing
and hedging of a single European claim on nontraded assets and obtained explicit
solutions. More recently, [111] derived a quasilinear PDE for the indifference price
74
and obtained a nonlinear expectation pricing functional with the associated hedging
strategy. [71] applied the approach to price real options. Indifference pricing is also
studied in stochastic volatility model, see for instance, [129]. In parallel with contin-
uous setting, [112] proposed an indifference valuation algorithm based on binomial
model and provided a pricing model that values two types of risk.
The dual approach characterizes the optimal solutions in terms of certain
measures and entropic criteria by using duality technique. The related utility
maximization problems have been addressed in a semimartingale setting by [53]
and [115] for general utility functions, and [40] and [78] for exponential utility. See
also [82, 83, 84], and [121] for more dual treatment in utility maximization. Within
Brownian setting, [118] resolved some technical difficulties and provided new proofs
of the indifference valuation. In comparison with the primal approach, duality treat-
ment losses intuitive results in paying for the increase of generality. In fact, little
result about hedging strategies is provided except for existence. Neither explicit nor
constructive pricing formula is obtained.
In this chapter, we first generalize the benchmark model of indifference price
by [111] allowing for n European claims with distinct maturities. We provide the
additional generalization of allowing the claim payoffs to depend on both tradable
and nontraded assets, with levels being modelled by Itô diffusion processes. The
goal herein is to introduce the concepts and notations of indifference pricing, as well
as develop the fundamental tools and results in this basic setting for convenience of
future reference.
We specify the two underlying stochastic optimization problems that char-
acterize the indifference price. By using techniques from dynamic programming, we
derive the Hamilton-Jacobi-Bellman equations for the value functions and a quasi-
linear PDE for the indifference price. Under appropriate market restrictions, we
obtain explicit pricing formulae in a form of nonlinear expectation. The pricing
measure turns out to be the one, among all equivalent martingale measures, that
minimizes the relative entropy with respect to the historical one. Using the pricing
PDE, we build up useful properties and robustness of the indifference price. We
then analyze hedging and risk monitoring strategies with comparison to the Black
and Scholes model. A payoff decomposition result is further developed through the
associated feedback optimal policy, residual optimal wealth and residual risk.
However, the classical indifference approach concentrates mainly on a sin-
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gle contract. Neither investors’ ex-ante risk exposure nor their ex-post investment
opportunities are taken into account. In many cases, on the other hand, there are
multiple options or opportunities available for investment. Evaluating each contract
in isolation, investors not only may misestimate the value of the contract due to
disregarding her preexistent risk exposure, but also may throw away the benefits of
their private information about future investment opportunities. When evaluating
the current contract, a foresighted investor should consider both her ex-ante port-
folio holdings and ex-post investment opportunities. This motivates us to construct
the the relative and foresighted indifference prices.
Following [109] and [131], the relative indifference price is defined as the
amount of money that compensates exactly a utility maximizer, who holds ex ante
a portfolio of options, to take the risk of holding an additional derivative. Similar
to the development of classical indifference price, we derive a nonlinear PDE for the
relative price. It turns out that the price explicitly depends on not only the investor’s
risk aversion but also her ex-ante portfolio holdings. The properties of the relative
price and the risk monitoring strategy are further developed. Finally, we define and
analyze the foresighted indifference price. This foresighted concept incorporates
investor’s private information into pricing and hedging, which is a generalization of
the classical and relative indifference pricing.
4.2 Market and Investment Models
We consider a dynamic investment environment with a riskless bond B and two
risky assets: a tradable stock S and a nontraded asset Y . For simplicity, we assume
constant interest rate r = 0.1 The stock price is modelled via an Itô diffusion
dSs = µ(s, Ss)Ssds+ σ(s, Ss)SsdW 1s , t ≤ s, (4.1)
with St = S > 0. The level of the nontraded asset Y is given by a diffusion process
dYs = b(s, Ys)ds+ a(s, Ys)dWs, t ≤ s, (4.2)
1The results for r > 0 follow directly from the rescaling arguments.
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with Yt = y ∈ R, where the coefficients b and a satisfy the Lipschitz and growth
conditions such that equation (4.2) admits a unique strong solution.
In the above state equations, the processes W 1 and W are standard Brow-
nian motions defined on a filtered probability space (Ω,F , (Ft)t≥0,P) with usual
conditions. They are correlated with coefficient ρ ∈ (−1, 1), so that Wt can be writ-
ten as Wt = ρW 1t +
√
1− ρ2W⊥t , with (W 1,W⊥) being a two-dimensional Brownian
motion on the probability space. The assumptions on the coefficients µ and σ are
such that the equation (4.1) has a unique strong solution satisfying Ss > 0 a.s. for
s ∈ [t, T ]. We denote the Sharpe ratio process of the stock by λs = λ(s, Ss), t ≤ s,
where λ(t, S) := µ(t, S)/σ(t, S).
We next introduce a portfolio of n (n ≥ 1) European claims written on both
of the risky assets S and Y . Each claim CTi , (i = 1, · · · , n) generates a payoff
ci(STi , YTi) at its maturity Ti ∈ [0, T ], where the function ci is bounded. We denote
such a portfolio by
Cn(S, Y ) := {c1(ST1 , YT1), · · · , cn(STn , YTn)} . (4.3)
Note that no restriction is imposed on the order of the claim’s maturities.
Consider an investor with risk preferences modelled via an exponential utility
function
u(x) = −e−γx, x ∈ R, (4.4)
with positive risk aversion parameter γ, who aims to maximize the expected utility
of her terminal wealth at time T . The investor can trade in the financial market
in time horizon [t, T ], using a dynamic self-financing strategy for manipulating the
balances of the bond and stock accounts. However, no exogenous fund except for
the claim payoffs is available, nor is intermediate consumption allowed.
Starting at time t with initial wealth x ∈ R, the investor holds ∆s shares of
stock at time s ∈ [t, T ] with spot value of πs = ∆sSs, and deposits the remainder
of her wealth into the bond account. Thus, trading plainly in the financial market,
the investor’s total wealth (X0s ) satisfies the following controlled diffusion
dXs = µ(s, Ss)πsds+ σ(s, Ss)πsdW 1s , (4.5)
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for s ∈ [t, T ], with initial condition X0t = x ∈ R (see Merton, 1969). Note
that the amount invested in the stock (πs) is used as control policy, and the set
of admissible policies A[t,T ] is defined by A[t,T ] :=
{







As is mentioned previously, the utility-indifference methodology is based on
the comparison between two utility maximization problems with and without the
presence of the claims. The first problem is the classical Merton model of opti-
mal investment, where the investor seeks to maximize the expected terminal utility
without holding the claims. Formally, it is defined by





∣∣St = S,X0t = x] , (4.6)
for (t, S, x) ∈ [0, T ] × R+ × R, with terminal condition M(T, S, x) = u(x), where
(X0s ) is the wealth process satisfying (4.5).
The second problem is a utility maximization problem involving the port-
folio Cn(S, Y ). Suppose that the portfolio is introduced at time t < min1≤i≤n Ti.
Although the investor can trade dynamically between the bond and the stock, no
trading of the claims nor of the asset Y is allowed in the time horizon [t, T ]. The
corresponding stochastic optimization for holding the portfolio Cn is defined by





∣∣St = S,Xt = x, Yt = y] , (4.7)










σ(u, Su)πudW 1u , (4.8)
for s ∈ [t, T ], where x stands for the investor’s net wealth at time t. Note that the
state domain DT = {(t, S, x, y) : t ∈ [0, T ], S ∈ R+, x ∈ R, y ∈ R}. In the above
wealth, we observe a jump at each claim maturity Ti whenever the claim payoff
ci(STi , YTi) is credited.
Next, we derive the value functions M and V Cn . For ease of presentation,















































+ (b− ρλa) ∂
∂y
. (4.11)
It is straightforward to derive the Hamilton-Jacobi-Bellman equation for the
Merton problem using standard techniques from dynamic programming and stochas-
tic calculus. It turns out that the HJB equation can be linearized and solved by
Feynman-Kac connection. We outline the main results as follows (a detail proof can
be found in Appendix A.2).










+ L(S)M = 0, (4.12)
for (t, S, x) ∈ [0, T ]× R+ × R, with terminal condition M(T, S, x) = −e−γx. It can
be further represented by












∣∣∣St = S] , (4.14)
where λs = λ(s, Ss) denotes the Sharpe ratio process of the stock, and the martingale
























s ) for s ∈ [t, T ], where the feedback function π0,∗ is defined by





− SmS(t, S), (4.16)
for (t, S, x) ∈ [0, T ]× R+ × R. The optimal wealth process is then given by
dX0,∗s = µ(s, Ss)Π
0,∗





for s ∈ [t, T ], with initial condition X0,∗t = x ∈ R.
It is worth noting that the measure Q is known as the minimal entropy
measure, which is the martingale measure minimizing the entropy relative to the














with M being the set of all martingale measures. We refer the reader to Frittelli
(2000a), Rouge and El Karoui (2000) and Delbaen et al. (2002) for further discus-
sions. Clearly, when the market converge to the complete model, it becomes the
















Figure 4.1: The payoff structure of a stream of claims
In what follows, we continue to construct the value functions V Cn . To fa-
cilitate the presentation, we assume for a moment that Ti < Ti−1 for i = 1, · · · , n,
as shown in Figure 4.1. Clearly, for t ∈ (Ti, Ti−1), the investor is faced with the
optimal investment problem with portfolio Ci−1 = {c1, · · · , ci−1}. The correspond-
ing value function is given by V Ci−1(t, S, x, y). At time Ti, for any wealth state XTi
(determined by the control policy π up to Ti), the investor would enjoy the value of
V Ci−1(Ti, STi , XTi + ci(STi , YTi)) since the derivative payoff ci(STi , YTi) is credited at
Ti. Thus for t ∈ (Ti+1, Ti) and a given control policy π ∈ A[t,Ti] up to time Ti, the
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buyer’s expected utility payoff is given by2
Jπ(t, S, x, y) := E
[
V Ci−1(Ti, STi , XTi + ci(STi , YTi))
∣∣St = S,Xt = x, Yt = y] .
According to the Dynamic Programming Principle (DPP), the buyer’s value function
for t ∈ (Ti+1, Ti) satisfies
V Ci(t, S, x, y) = sup
π∈A[t,Ti]





V Ci−1(Ti, STi , XTi + ci(STi , YTi))
]
, (4.19)
for t ∈ (Ti+1, Ti], where the wealth process Xs, s ∈ [t, T ], is given by (4.8).
By using dynamic programming techniques and stochastic calculus, we de-









σ2SVSx + ρσaVxy + µVx
))
+ L(S,y)V = 0, (4.20)
for t ∈ (Ti+1, Ti], with terminal condition
V Ci(Ti, S, x, y) = V Ci−1(Ti, S, x+ ci(S, y), y), (4.21)
where operator L(S,y) is defined in (4.10). Note that we’ve dropped the superscript
Ci for simplicity and hereafter we’ll do so whenever writing an equation for V Ci .
By plugging in the maximal control policy, substituting the ansatz form
V (t, S, x, y) = − exp{−γ(x + φ(t, S, y))}, and applying induction to the recursive
relation (4.19), we derive the quasilinear equation for φ and the optimal control
policy. We further use the regularity properties of the value function V and classical
verification results (see for example Theorem IV.3.1 in Fleming and Soner, 1993)
to verify the optimality of our solution. The results are summarized as follows (see
Appendix A.2 for a proof).
Theorem 4.2.2. The value function V Cn defined in (4.7) can be further represented
2The value of the portfolio at time Ti after collecting the derivative payoff is given by
Jπ(Ti, STi , XTi , YTi) = V
Ci−1(Ti, STi , XTi + ci(STi , YTi)) for a given π ∈ A[t,Ti].
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by
V Cn(t, S, x, y) = − exp{−γ(x+ φ(t, S, y))}, (4.22)







λ2 = 0, (4.23)
with terminal condition φ(T+, S, y) = 0 and pasting conditions φ(Ti, S, y) = φ(T+i , S, y)+
ci(S, y), where L̃(S,y) is given in (4.11).
Moreover, the optimal trading policy Π∗s is given in the feedback form Π
∗
s =
π∗(s, Ss, X∗s , Ys) for s ∈ [t, T ], where the feedback function π∗ is defined by





− SφS(t, S, y)− ρ
a(t, S)
σ(t, S)
φy(t, S, y), (4.24)
for (t, S, x, y) ∈ DT .
The terminal condition of equation (4.23) can be written as φ(T, S, y) =
c0(S, y), where c0 corresponds to the claim maturing at T . It can be zero if no claim
in the original portfolio matured at T .
We conclude this section by providing an explicit formula for the value func-
tion V Cn under additional assumptions on the market models. The following result
is a natural extension of Theorem 3 in Musiela and Zariphopoulou (2004a). The
proof can be found in Appendix A.2.
Proposition 4.2.3. Assume that the stock dynamics (4.1) is a homogeneous SDE,
namely, µ(t, S) = µ(t) and σ(t, S) = σ(t), and that all the derivative payoffs
ci(STi , YTi) = ci(YTi) depend only on the nontraded asset Y , which is an Itô dif-
fusion given by (4.2). Then, the buyer’s value function V Cn for the portfolio Cn can
be represented as













for (t, x, y) ∈ [0, T ] × R × R, where E(t,T )Q is a nonlinear semi-group operator given
82
by













with martingale measure Q defined by (4.15)
4.3 The Classical Indifference Price
In this section, we construct the indifference buying price for a portfolio of claims.
According to the classical notion of indifference pricing, Musiela and Zariphopoulou
(2004a) defined the indifference selling price for a European claim written on a non-
traded asset. The buying price for multiple claims on both tradable and nontraded
assets is defined analogically as follows.
Definition 4.3.1. The buyer’s indifference price of the portfolio Cn specified in
(4.3) is defined as the amount of money ν(Cn; γ) such that the utility maximizer is
indifferent between buying the portfolio Cn at time t ≤ min1≤i≤n Ti at the price of ν
and disregarding such a trading opportunity. That is, the indifference price ν must
satisfy
M(t, S, x) = V Cn(t, S, x− ν(Cn; γ), y), (4.27)
for (t, S, x, y) ∈ [0, T ] × R+ × R × R, where the value functions M and V Cn are
defined in (4.6) and (4.7), respectively.
Now we are ready to derive the indifference price. The following result follows
directly from the value function representations (4.13), (4.22) and the indifference
condition (4.27).
Theorem 4.3.2. The indifference price ν(Cn; γ) defined in (4.27) is given by ν(Cn; γ) =




γ(1− ρ2)a2h2y = −
n∑
i=1
ci(S, y) · δ(t− Ti), (4.28)
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with terminal condition h(T+, S, y) = 0, where L̃(S,y) is given in (4.11) and δ is the
Dirac function.
In the above equation, we introduce the Dirac δ-function to simplify the
notation. It formally represents the pasting condition h(Ti, S, y) = h(T+i , S, y) +
ci(S, y) at time Ti.
In general, the quasilinear equation (4.28) cannot be linearized owing to the
combination of the nonlinearity and the high dimensionality. If the claim payoffs
depend only on the nontraded asset, i.e. ci(S, y) = ci(y), and the stock dynamics




a2hyy + (b− ρλa)hy −
1
2
γ(1− ρ2)a2h2y = −
n∑
i=1
ci(y) · δ(t− Ti), (4.29)
with terminal condition h(T+, y) = 0. This one-dimensional equation can be lin-
earized using a logarithmic transformation h = 1
γ(1−ρ2) ln v. By the Feynman-Kac
connection, the solution can be further represented by










}∣∣∣Yt = y] , (4.30)
for (t, y) ∈ [0, T ]× R.
On the other hand, if the claim payoff depends only on the tradable asset,
namely ci(S, y) = ci(S), then it reduces to the complete market setting. The pricing







ci(S) · δ(t− Ti), (4.31)
with terminal condition h(T+, S) = 0. Note that the interest rate is assumed to be
zero.
Another notable feature of the equation (4.28) is that the nonlinear term is
of quadratic form. It is also the only term involving the risk-aversion coefficient
γ. By using the comparison theorem, one can show that the indifference price as
a function of γ is non-decreasing. This result is very intuitive because the more
risk-averse you are, the less you are willing to pay for a claim with intrinsic risk.
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Thus the indifference price is bounded by
ν(Cn; γ) ≤ ν(Cn; 0), (4.32)
where ν(Cn; 0) is the indifference price as γ → 0.
By passing the limit as γ → 0, it turns out that the risk neutral indifference
price ν(Cn; 0) = h0(t, S, y) solves the linear equation
ht + L̃(S,y)h = −
n∑
i=1
ci(S, y) · δ(t− Ti), (4.33)
with terminal condition h(T+, S, y) = 0. This follows from the robustness of viscos-
ity solutions for equation (4.28) and the uniqueness of solution to the linear equation
(4.33).
Using Feynman-Kac connection and Girsanov theorem, we easily deduce the
probabilistic representation of h0:





∣∣∣St = S, Yt = y] , (4.34)
with minimal entropy martingale measure specified in (4.15). In other words, as the
buyer becomes risk neutral, the indifference price converges to the expectation of
the payoff under the minimal entropy measure. This asymptotic behavior has been
well studied under dual arguments by Rouge and El Karoui (2000), Delbaen et al
(2002) and Becherer (2003).
The PDE of the indifference pricing function (4.28) can be further charac-
terized by its absence of the drift in S and the adjustment of the drift in y. The
absence of the drift in S is by no mean an accidental observation. Since the stock
S is tradable, the ingredient of the derivative risk generated by the stock S can
be fully hedged through trading in S. So by no-arbitrage argument the drift in S
should be exactly the interest rate, which is zero by assumption. This observation is
well known in the Black-Scholes framework. On the other hand, the adjustment of
the drift in y reflects the correlation of S and Y . Although the asset Y is nontraded,
the investor can hedge partially the risk component associated with Y by trading
in S that is correlated to Y . As a result, the market price of risk related to Y is
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as ρ→ 1, the market becomes complete because of the perfect correlation between
S and Y . So the market prices of the two risky assets must be consistent with each
other, namely λ = b/a, to exclude arbitrage opportunity, and therefore the drift in
y would vanish as well.
4.4 Properties of The Pricing Functional
In this section, we investigate some properties of the indifference pricing functional.
For simplicity, we concentrate on a claim with the payoff C = c(Sτ , Sτ ) realized at
τ ∈ [t, T ]. We first observe from the equation (4.28) that the pricing function h does
not depend on x, i.e. the indifference price is
• Independent of initial wealth: ν(C, γ) does not depend on x.
With some manipulation on the quasilinear PDE (4.28), we can verify the following
property.
• Volume-scaling : ν(αC; γ) = αν(C;αγ) for α ∈ [0, 1].
Nonlinearity. It is clear that the indifference pricing functional ν(C; γ) is non-
linear in C. This is a directly result of the nonlinearity of the pricing equation. In
particular, from the pricing function (4.30), we clearly have





∣∣Yt = y) 6= 0,
unless the two claims C1 and C2 are uncorrelated under the condition Yt = y. This
leads to
• Non-additivity : ν(C1 + C2; γ) 6= ν(C1; γ) + ν(C2; γ) in general.
Although it is nonlinear in general, the pricing functional ν admits linearity
in some special cases. For example, if S and Y are independent under P, i.e. ρ = 0,
then it follows that
ν(c1(Sτ ) + c2(Yτ ); γ) = ν(c1(Sτ ); γ) + ν(c2(Yτ ); γ) = EQ[c1(Sτ )] + ν(c2(Yτ ); γ).
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Similarly, if Y is functionally dependent on S, then ρ = 1 and it turns out that in
this case
ν(c1(Sτ ) + c2(Yτ ); γ) = EQ[c1(Sτ )] + EQ[c2(Yτ )].
Translation Invariance. Moreover, directly from the PDE (4.28), it is easy to
verify that the pricing functional ν is translation invariant with respect to monetary
constant risks.
• Translation invariance: ν(C + k; γ) = ν(C; γ) + k for constant k.
This turns out to be a key property of risk measures (See Artzner et al. 1999, and
Föllmer and Schied 2002a). In fact, the following stronger property is achieved in
indifference price.
• Translation invariance w.r.t. hedgeable risk : If c(Sτ , Yτ ) = c1(Sτ , Yτ )+c2(Sτ ),
then ν(C; γ) = ν(C1; γ) + EQ[c2(Sτ )].
To see this, let’s recall that ν(C1; γ) = h1(t, S, y) solves the PDE (4.28) with terminal
condition h1(τ, S, y) = c1(S, y) while EQ[c2(Sτ )] = h2(t, S) satisfies linear equation
(4.31) with terminal data h2(τ, S) = c2(S). Thus simple calculation can verify
that h(t, S, y) = h1(t, S, y) + h2(t, S) solves the PDE (4.28) with terminal condition
h(τ, S, y) = c1(S, y) + c2(S). Thus the property follows from the uniqueness of the
PDE (4.28).
Robustness and Regularity. We next consider an asymptotic complete market
setting and demonstrate the robustness of the indifference price ν under the proper
assumptions. By passing the limit as ρ → 1 in equation (4.28), and imposing the
additional condition λ = ba to exclude static arbitrage opportunity, we obtain the



















h = 0, (4.35)
which recovers the Black-Scholes PDE. This follows from the robustness of viscosity
solutions for equation (4.28) (See, for example, Proposition 4.1 in Lions, 1983) and
the uniqueness of the above linear equation. This leads to
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• Robustness. If the tradable asset S becomes the perfect proxy of the nontraded
asset Y , namely, ρ = 1 and the sharpe ratios ba ≡
µ
σ , then the indifference price
ν reduces to the Black-Scholes price.
In addition, as shown in the analysis of the last section, we have
• Regularity with respect to γ.
lim
γ→0+
ν(g; γ) = h0(t, S, y) = EQ
[
c(Sτ , Yτ )
∣∣St = S, Yt = y] .
Monotonicity and Concavity. We conclude this section by listing the following
properties of the indifference price.
• Increasing in C: ν(C1; γ) ≤ ν(C2; γ) if C1 ≤ C2.
• Decreasing in γ: ν(C; γ1) ≥ ν(C; γ2) if γ1 ≤ γ2.
• Superhomogenous in C: ν(αC; γ) ≥ αν(C; γ) for α ∈ [0, 1];
ν(αC; γ) ≤ αν(C; γ) for α ≥ 1.
• Concavity : ν(αC1 +(1−α)C2; γ) ≥ αν(C1; γ)+(1−α)ν(C2; γ) for α ∈ [0, 1].
These properties are well established in the duality literature. See, for example,
Rouge and El Karoui (2000), Delbaen et al (2002) and Becherer (2003).
4.5 Hedging Strategy and Payoff Decomposition
In this section, we construct the optimal hedging strategy and analyze the payoff
decomposition with comparison to the Black-Scholes framework.
In complete markets, the derivative payoff can be decomposed into the Black-
Scholes price and the proceeds from trading in the financial market. In incomplete
markets, however, not all risk can be hedged by trading. Consequently, the deriva-
tive payoff should contain an additional component that corresponds to the unhedge-
able risk. This residual risk turns out to be accumulated over time. It converges to
0 as the market becomes complete (say, ρ→ 1).
To construct the optimal hedging strategy, let’s recall the fact the φ(t, S, y) =
m(t, S) + h(t, S, y) for t ∈ [0, T ], which is implied by the indifference condition. It
88






− SsmS(s, Ss)− SshS(s, Ss, Ys)− ρ
a(s, Ss)
σ(s, Ss)
hy(s, Ss, Ys), (4.36)
with its optimality following from the classical verification results (see for example
Theorem IV.3.1 in Fleming and Soner, 1993). Recalling (4.8), we obtain the optimal
wealth process
X∗s = x− h(t, S, y) +
n∑
i=1









for s ∈ [t, T ], where µ and σ depend on (u, Su). Respectively, as shown in Proposi-











for s ∈ [t, T ], where the optimal control process Π0,∗s = π0,∗(s, Ss) with feedback
function given by (4.16).
To this end, we define the optimal hedging strategy of a derivative as the
adjustment of the investor’s optimal portfolio strategy introduced by the derivative.
This leads to the following hedging results.






= −hS(s, Ss, Ys)− ρ
a(s, Ss)
σ(s, Ss)Ss
hy(s, Ss, Ys), (4.39)
which represents the optimal number of shares the investor should put into the traded
asset due to the presence of the portfolio.
Following Musiela and Zaripholoulou (2004a), we introduce the indifference
price process
Hs = h(s, Ss, Ys), t ≤ s ≤ T. (4.40)
Then, the following results follows directly from the equation (4.28) and Itô calculus.
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We next define the residual optimal wealth process and the residual risk
process.
Definition 4.5.3. Let X∗s , X
0,∗
s and Hs be given, respectively, by (4.37), (4.38)
and (4.41). Then we define the residual optimal wealth process by Ls , X∗s −X
0,∗
s ,
s ∈ [t, T ], with initial data Lt = −h(t, S, y), and the residual risk process by Rs ,
Ls −Hs, s ∈ [t, T ], with initial data Rt = 0.
Clearly, it follows from (4.37) and (4.38) that the process










σ(Π∗u −Π0,∗u )dW 1u

















where µ, σ depend on (u, Su), a on (u, Yu) and h on (u, Su, Yu). Further, combining
(4.41) and (4.42) yields the dynamics of Rs:

















1− ρ2ahydW⊥u , (4.43)




1− ρ2 is a Brownian motion orthogonal to W 1. To
this end, we have the following decomposition result.
































where h(t, S, y) is the pricing function given by (4.28), σ(s, Ss) and a(s, Ys) are the
volatilities of Ss and Ys, respectively.
Proof. It follows from (4.42) that the residual wealth at time T+ is


























ahy(s, Ss, Ys)dW⊥s .
Thus, the decomposition (4.44) follows from the last two equations since HT+ =
0.
Intuitively, the derivative payoff is decomposed into three components: the
indifference price, the hedgeable risk, and the residual risk. The hedgeable risk,
which is characterized by the second and the third terms in (4.44), is captured by
the proceeds from the trading in S. Indeed, the integrand of the second term reflects
the hedge of the risk associated with the tradable asset S, which corresponds to the
delta hedge of the Black-Scholes model. The integrand of the third term represents
the amount of staking in the tradable asset S for hedging the risk ingredient gen-
erated by the nontraded asset Y . With no surprise, we observe a distortion factor
because of the non-prefect correlation between S and Y . When ρ = 0, namely the
nontraded asset Y is uncorrelated to the tradable one S, the dynamics of S contains
no information about the fluctuation of Y . Thus trading in S does not provide
any benefit for hedging the risk associated with Y . When ρ → 1 and ba =
µ
σ , the
integrand of the third term becomes the delta hedge of the Black-Scholes model.
Finally, the last two terms in (4.44) represent the residual risk that is accumulated
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over time.
4.6 Relative Indifference Price
In this section, we consider the relative indifference price for the incomplete market
setting specified in the previous section. Generally speaking, the relative price is
defined as the amount of money that compensates exactly a utility maximizer with
ex-ante risk exposure to take the risk of holding an additional derivative. This
pricing concept was first introduced by Musiela and Zariphopoulou (2001b) and
was further developed in a stochastic volatility model by Stoikov (2005).
Definition 4.6.1. Let V Ck(t, S, x, y) denote the buyer’s value function for holding
the portfolio Ck. Then the relative indifference price for buying an additional claim
with the payoff ck+1(STk+1 , YTk+1) and maturity Tk+1 ≤ T , given holding ex ante the
portfolio Ck, is defined by the mount of money ε(ck+1|Ck; γ) such that
V Ck(t, S, x, y) = V Ck+1(t, S, x− ε(ck+1|Ck; γ), y), (4.45)
for (t, S, x, y) ∈ [0, T ]×R+×R×R, where the value function V Cn is defined in (4.7).
Conceptually, this relative price generalizes the classical indifference price
by embedding the preexistent risk exposure into the derivative price. Without the
presence of any ex-ante risk, the relative price reduces to the classical sense. It thus
follows immediately from the above definition that ν(ck+1; γ) = ε(ck+1|C0; γ). The
following results characterize the additivity of relative indifference price.
Proposition 4.6.2. The relative indifference price defined by (4.45) is given by
ε(ck+1|Ck; γ) = ν(Ck+1; γ)− ν(Ck; γ), (4.46)
where ν(Ck; γ) is the classical indifference price of the portfolio Ck.







where ε(c1|C0; γ) = ν(c1; γ) is the classical indifference price of claim c1.
Proof. The identity (4.46) is a direct consequence of the definitions of indifference
price (4.27) and relative indifference price (4.45). The decomposition (4.47) follows
by summing up (4.46) over k.
We next use this property to derive the quasilinear PDE for the relative
indifference price.
Theorem 4.6.3. The relative indifference price ε(cτ |Cn) for contingent claim cτ (Sτ , Yτ ),
τ ∈ [0, T ], given holding ex ante the portfolio Cn, is given by
ε(cτ |Cn) = g(t, S, y),
where the pricing function g : [0, T ]× R+ × R× R → R solves quasilinear PDE
gt + L̃S,yg − γ(1− ρ2)a2hygy −
1
2
γ(1− ρ2)a2g2y = −cτ (S, y)δ(t− τ), (4.48)
with terminal condition g(T+, S, y) = 0, where h(t, S, y) is the indifference pricing
function solving (4.28).
The Risk Monitoring Strategy. To construct the optimal hedging strategies,
let’s recall from (4.36) that the optimal control process Πn,∗s , s ∈ [t, T ], for portfolio






− SsmS(s, Ss)− SshnS(s, Ss, Ys)− ρ
a(s, Ss)
σ(s, Ss)
hny (s, Ss, Ys), (4.49)
where the superscript n denotes the number of claims involved. To this end, we
have the following risk monitoring result.




= −gS(s, Ss, Ys)− ρ
a(s, Ss)
σ(s, Ss)Ss
gy(s, Ss, Ys). (4.50)
The above hedging strategy ∆s represents the optimal number of shares the
investor should adjust her holdings in the traded asset due to the presence of the
additional claim Cτ .
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We conclude this section by introducing the relative indifference price process
Gs = g(s, Ss, Ys), t ≤ s ≤ T. (4.51)
The following results follows directly from the equation (4.48) and Itô calculus.



















agydWu + g(t, S, y)− cτ (Sτ , Yτ )1{t<τ≤s},
(4.52)
where h(t, S, y) solves (4.28).
4.7 Foresighted Indifference Valuation
In this section, we define and construct the foresighted indifference price. We first
specify the structure of investment opportunities. We consider a venture capitalist
with exponential utility u(x) = −e−γx, γ > 0, who aims to maximize the expected
utility of terminal wealth at time T . Suppose that before time t < T the venture
capitalist has been involved ex ante in a venture project Y, whose value is modelled
via a Itô diffusion
dYs = b(s, Ys)ds+ a(s, Ys)dWs, t ≤ s, (4.53)
with Yt = y ∈ R, where coefficients b and a guarantee a unique strong solution.
As specified by the VC contract, the venture capitalist will receive the con-
tingent payoff CT1 = c1(YT1) at a given time T1 provided the staged financing of
amount K1 at a prepecified time t1 in the future, where t < t1 < T1 ≤ T . The
venture capitalist can abandon the project by simply defaulting the financing at t1,
in which case the project ends and no payoff on either party. This special feature
of financing arising from venture capital is called “contingent pre-contracting” (or
“ex-ante staging” in Kaplan and Stömberg, 2002) between the venture capitalist
and the entrepreneur in the literature contract theory.
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Now, suppose that at time t the venture capitalist is offered another invest-
ment opportunity with contingent payoff CT2 = c2(YT2) realized at the future time
T2 with t1 < T2 ≤ T . Note that the timing relation t < t1 < T1, T2 ≤ T . We impose
t1 < T2 to exclude the trivial case. No restriction is imposed on the order between
T1 and T2.
Although no trading in Y occurs throughout the entire time horizon [t, T ],
the venture capitalist can trade dynamically in the financial market with a riskless
B bond and a risky stock S. For simplicity, we assume constant interest r = 0, and
the stock dynamics is modelled via a lognormal diffusion
dSs = µSsds+ σSsdW 1s , t ≤ s, (4.54)
with St > 0. It is also assumed that no intermediate consumption is allowed, nor
is exogenous funds available for the venture capitalist. The question that we are
interested in is how to value the second claim CT2?
Before we construct the concrete valuation model, let us emphasize the key
features of this problem: (i) Investing in the second claim c2(YT2) will adjust the
venture capitalist’s preference on additional risk and thus may affect the her deci-
sion on whether financing the venture project CT1 at time t1. So it is obviously not
optimal to value c2(YT2) in isolation. (ii) The venture capitalist actually can take
advantage of the feature of “ex-ante staging” offered by the VC contract. She should
embed such information about the financing of future stages into her valuation pro-
cess. (iii) The standard relative indifference pricing approach introduce previously
fails in this situation in that more information and optionality are available here
and should leads to more value. We should not price the second claim basing only
on the payoff.
Stemming from utility-indifference, the foresighted valuation method is char-
acterized by two optimal investment problems. The first problem corresponds to
disregarding the second claim c2(YT2), where the venture capitalist is faced with
hedging an standard installment option. That is, the venture capitalist solves util-
ity maximization problem









) ∣∣Xt = x, Yt = y] , (4.55)
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for s ∈ [t, T ], where τ ∈ T := {t1, · · · , tn, T1} stands for the contract terminating
time.
In the second problem, the venture capitalist take the opportunity to invest
in the second claim c2(YT2). In this case, the venture capitalist’s portfolio holdings
include a standard installment option I1 plus a European option with the payoff
CT2 , which is can be viewed as a generalized installment option with recover payoff
CT2 . We denote it by I2. The corresponding the value function is then defined by








XT + CT11{τ=T1} + CT2
) ∣∣Xt = x, Yt = y] , (4.57)
for (t, x, y) ∈ [0, T ]× R× R, where the wealth process (Xs) is given by (4.56).
We next introduce the following definition of foresighted indifference price.
Definition 4.7.1. The foresighted indifference price of claim CT2 is defined as the
amount of money ε that compensates exactly the utility maximizer to take the risk of
holding an additional derivative CT2 conditional on holding ex ante the installment
option I1 with the payoff CT1. That is, ε(CT2 |I1) satisfies the indifference condition
V I2(t, x, y) = V I2(t, x− ε(CT2 |I1), y) (4.58)
for (t, x, y) ∈ [t, T ] × R × R, where V I2 and V I2 are defined by (4.57) and (4.57),
respectively.
The following property follows immediately from the above definition.
Proposition 4.7.2. The foresighted indifference price defined by (4.58) is given by
ε(CT2 |I1) = φ(I2)− φ(I1), (4.59)
where φ(Ii) are the indifference price for installment options Ii, i = 1, 2.
I what follows, we derive a formula for the foresighted indifference price. We
start by constructing the associated value functions. To remain consistent with the
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discussion in the previous chapters, we adopt the notation an accumulated portfolio
Gk , {c1(YT1), · · · , ck(YTk)} ,
for k = 0, 1, 2 in this simple setting, where G0 ≡ 0 denotes no portfolio holdings.
Then following the analysis in the last chapter, we derive the value function
V I2 .
Proposition 4.7.3. The value function (4.57) for buying the installment option I2
with recover payoff is given by









(T − t) + φ(I2)
)}
, (4.60)
for (t, x, y) ∈ [t1, t2) × R × R, where φ(I2) is the indifference price of installment




















Obviously, by letting CT2 = 0 in we recover the value function V
I1 . There-
fore, the following pricing formula follows from the definition of foresighted indiffer-
ence price.






















for (t, y) ∈ [t, t1]× R, where ρ̄ =
√
1− ρ2.
We conclude the discussion of foresighted valuation by investigating some
special cases of the pricing function (4.62).
• If both [νt1(CT1 |CT2) − K1]+ and [νt1(CT1 |G0) − K1]+ are equal to 0, then
ε(CT2) = νt1(CT2 |G0) is the relative indifference price of CT2 conditional on
holding G0 = 0. This is the case when the venture capitalist will not financing
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the VC project wether or not buying the second claim CT2 (or, the investor
has no future investment opportunity).
• If both [νt1(CT1 |CT2)−K1]+ and [νt1(CT1 |G0)−K1]+ are strictly positive, then
ε(CT2) = νt1(CT2 |G1) is the relative indifference price of CT2 conditional on
holding G0 plus CT1 . This is the case when the investor will definitely finance
the VC contract at time t1 whether or not buy CT2 .









} ∣∣Yt = y] ,
corresponding to the utility indifference price of an installment option with
installment K2 and payoff g2.
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Chapter 5




In this paper we present a utility-based approach to price and hedge installment
options in an incomplete market environment. The installment option is a finan-
cial innovation that allows investors to gain direct exposure to the stock market
by paying a fraction of the share price upfront and delaying the rest of optional
payments until later dates. This high gearing instrument has two characteristics
that differentiate it from a conventional option: (i) the option premium is paid by
installments – scheduled periodically over the life of the option – instead of a lump
sum upfront; and (ii) the holder has the right to terminate the contract by defaulting
any installment payment, which leaves no further liability to either party.
One example of such products is the installment warrants listed on the Aus-
tralian Stock Exchange (ASX). Since they were first launched on the market in 1997,
installment warrants have achieved significant growth (as illustrated in Figure 5.1).1
Another successful product is the so called FX installment options, which are writ-
ten on foreign exchange rates and traded actively on European over-the-counter
1For the detailed historical record of ASX installments, we refer the reader to
http://www.asx.com.au.
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(OTC) markets.2 For a brief introduction and examples of FX installments, we
refer to [135].
The popularity of installment options can be attributed to its various attrac-
tive features that ease the investor’s portfolio management. In particular, it reduces
significantly the initial premium, though it entitles the holders to all the benefits
of the underlying security such as capital growth and dividends. This low cost of
investment facilitates the investor’s budget schedule whilst increases the leverage
level. Moreover, the optionality of termination without penalty prevents potential
losses and reduces the liquidity risk, typically associated with other OTC deriva-
tives. This also enables investors to acquire more information for decision making
so as to improve their overall investment optimality. Finally, it is helpful in many





Instalments have become a very popular way for
investors to gain exposure to the sharemarket.
Instalments are financial products, that allow
investors to gain direct exposure to shares, listed
property trusts (LPTs) and exchange traded funds
(ETFs) by making a part payment upfront and delaying
an optional final payment (or second instalment)
until a later date (expiry date).  
This allows you to buy shares, and other securities,
for a fraction of the current share price whilst receiving
the benefits of capital growth, dividends and
franking credits.  
The popularity of instalments can be attributed to
increased investor awareness of the range of flexible
investment products that lie beyond the traditional
alternatives of shares and managed funds. Investors
were first introduced to an instalment-like structure
with the privatisation of Commonwealth Bank and Telstra.
The following chart illustrates the significant growth
the instalment market has experienced over the past
few years, where the market has grown from $25




























































Figure 5.1: The market volume of installment warrants in ASX
The valuation of installment options has become an active research area
since [36]. They derived bounds for the value of an installment option using no-
arbitrage principle and investigated the static versus dynamic hedging strategies in
a stochastic volatility model. In a similar setting, [37] studied further the static
hedging strategy. Recently, more research on installment options has been done
in the Black-Scholes setting. [11] developed a dynamic programming procedure
to price installment call and put options with application to ASX installments.
2See, for example, the X-markets of Deutsche Bank for a detail description of such products.
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[135] compared numerical techniques for pricing FX installment options written
on exchange rates. Finally, [24] derived an inhomogeneous Black-Scholes PDE for
pricing American continuous-installment calls and puts, and the associated pricing
formulae using the integral representation method. To the best of our knowledge,
the literature is currently restricted in the arbitrage-free framework. In the present
paper we examine the valuation and hedging of installment options in incomplete
market environments.
We apply the so called utility-based approach, according to which the deriva-
tive price is defined as the amount that compensates an optimally behaving investor
for taking the risk of holding the derivative. In other words, the indifference price
would make the investor indifferent between buying the option or not. This pricing
concept was used originally by [72] in analyzing the impact of transaction costs on
the price. It has been extensively studied in the literature. We refer the reader to,
among others, [118, 40, 111], and [83].
Herein, we study new applications of the utility-based valuation in the pric-
ing and hedging of installment options. Their payoffs are contingent on tradable
securities and non-traded risk factors, modelled as correlated diffusion processes.
By using dynamic programming techniques, we solve the underlying stochastic op-
timization problems and characterize the indifference price using the associated
Hamilton-Jacobi-Bellman (HJB) equations. We derive a second order quasilinear
PDE that the price satisfies. We further investigate the hedging strategy, payoff
decomposition, and probabilistic representation of the indifference price. It turns
out that, under certain modeling assumptions, the value of installment options can
be represented by a recursive formula involving a nonlinear expectation. This model
restriction provides a more tractable framework that is convenient in analyzing ven-
ture capital and sequential investments, as discussed in Section 5.6. In addition, we
develop a Monte-Carlo procedure to analyze numerical examples arising from ASX
installment warrants and venture capital financing, where we adopt the least-squares
method (LSM), originally proposed by [92].
Besides the contribution to installment options, our work also provides new
insights and methodological advances to other applied problems, such as compound
options, sequential investments, and venture capital. Indeed, the installment option
is closely related to a compound option which is an option on an option. For ex-
ample, the case with two installments reduces to a compound call; see discussion in
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Section 5.5. The research of compound options can be dated back at least to [14],
who suggested to view the common stock as an option on the assets of the firm when
valuing corporate liabilities. From this perspective, a call option on equity is a com-
pound call on the value of the firm. Borrowing this idea, [61] valued coupon bonds
using a compound option model, and later [see 62], he derived a formula for pricing
a compound call on a European call. The pricing formulae for the other popular
combinations were provided by Rubinstein [119]. [127] further investigated the val-
uation techniques arising from the pricing formula of compound options. Although
the compound option model extends the Black-Scholes theory, it conceptually in-
troduces the market incompleteness which arises from the fact that the value of the
firm is a non-traded asset. The above valuation models, however, did not address
the incompleteness. We tackle this issue by introducing explicitly an unhedgeable
risk factor into our model.
[14] also pointed out that, when the firm has coupon bonds rather than
pure discount bonds outstanding, the common equity can be viewed as a (multi-)
compound option, namely, “an option on an option on · · · an option on the firm”. In
the present paper we attempt to implement this idea using the notion of installment
option. Meanwhile, we argue that in the incomplete market framework it is more
meaningful to consider an installment option rather than a compound option. The
reason lies in the fact that the payoff of a generic “compound option” as a function
of its underlying option is not well defined a priori ; remember that the theoretical
price of the underlying option is not unique in incomplete markets. Our model
differentiates itself from the literature of installment and compound options in the
modeling of market incompleteness.
As mentioned previously, the notion of installment option can be applied to
value sequential investments. It is well known, in real options context, that any
investment opportunity with payoffs depending on underlying assets can be viewed
as an option. A standard reference on this field is [43]. We observe that many of these
investments in reality have a sequential nature, where staged financing is allowed
with intermediate abandoning option. In such investments, the future ventures are
available only if the earlier opportunities are undertaken. It is natural to value such
investments using an installment option model that incorporates unhedgeable risk.
In particular, the staged financing is a widely used technique in venture
capital investments such as high-tech startups. Because of the high failure risk of
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a venture project, venture capitalists typically retain the option to abandon the
venture whenever the project becomes nonprofitable. Such financing tools were
found to be the most potent control mechanism that the venture capitalist can
employ [see 120]. Financing rounds are usually set to the significant stages of the
project developing process. If at any of these stages the project fails to meet the
prespecified target (milestone), the venture capitalist has the right to liquidate the
project. Such covenant is called “contingent pre-contracting” (or “ex-ante staging”).
We refer to [81] for some empirical evidence of the covenants in the real-world venture
contracts. In the contract theory framework, [27] showed that the “contingent pre-
contracting” for follow-up rounds is theoretically better than the simple “right of
refusal”, which is an informal commitment of additional funds as needed.
Given this staging feature, the model of installment options can serve as
an important building block in the valuation of venture capital investments. This
modeling approach was previously considered in [38]. They derived the no-arbitrage
bounds on the amount of initial funding for an imitated venture project (clone)
under the assumption that the European options are traded for an existing firm
(innovator) in the same industry. However, we argue that it is more straightforward
to model venture projects as non-traded assets and tackle the valuation problem in
an incomplete market setting. The model presented in this paper can be applied
directly to analyze the staged financing of venture capital.
The paper is organized as follows. In Section 5.2, we introduce the install-
ment option and the underlying optimal investment problems. In Section 5.3, we
construct the indifference price equations when installments incorporate both trad-
able securities and non-traded risk factors, and discuss the properties of the indiffer-
ence price. Section 5.4 provides the hedging and risk monitoring strategies. We then
investigate the special case of installments contingent on a non-traded risk factor
in Section 5.5. In Section 5.6, we develop a Monte Carlo procedure to compute the
prices, and illustrate the application of the installment model to analyze the ASX
installment warrants and the staged financing of venture capital. In Section 5.7, we
provide conclusions and direction for future research.
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5.2 The Market and Investment Models
We consider a continuous-time financial market with a riskless bond B and two risky
assets, a tradable stock S and a non-traded asset (risk factor) Y . The stock price
S is modelled as a diffusion process satisfying
dSs = µ(s, Ss)Ssds+ σ(s, Ss)SsdW 1s , t ≤ s, (5.1)
with St = S > 0. The level of the non-traded asset Y is given by a correlated
diffusion
dYs = b(s, Ys)ds+ a(s, Ys)(ρdW 1s + ρ̄dW
⊥
s ), t ≤ s, (5.2)
with Yt = y ∈ R, where ρ ∈ (−1, 1) is the correlation coefficient and ρ̄ =
√
1− ρ2.
The processes (W 1t ,W
⊥
t ; t ≥ 0) are independent standard Brownian motions
defined on a complete filtered probability space (Ω,F , (Ft)t≥0,P), where the fil-
tration (Ft)t≥0 is generated by (W 1,W⊥) and satisfies the usual conditions. The
coefficients µ(·, ·), σ(·, ·), b(·, ·), and a(·, ·) are assumed to satisfy all the regularity
conditions such that equations (5.1) and (5.2) have a unique strong solution sat-
isfying Ss > 0 P-a.s. for a.e. s ∈ [t, T ]. We assume that the riskless bond with
matures at T and is available for trading over the time horizon [t, T ], yielding con-
stant interest rate r = 0. The case r > 0 can be treated using standard rescaling
arguments.
Now, suppose that an installment option, denoted by In(S, Y ), is introduced
at time t. Its payoff is given by GT = g(ST , YT ) with the payoff function g(S, y)
assumed to be bounded. To receive this payoff, the buyer has to pay an upfront
premium ν at time t, and n optional installments Kn, · · · ,K1 at the installment
dates tn, · · · , t1 ∈ (t, T ), respectively. The holder, however, has the right to stop
making the installment payment at any installment date ti, thereby terminating the
contract on the due date of the first defaulted payment. For convenience, we label
the installment time in such a way that 0 = tn+1 < tn < · · · < t1 < t0 = T ; see
Figure 5.2 for an illustration of such installment structure.
The valuation problem is to determine the holding value ν (upfront value)
of such a contract (at time t) as well as the associated hedging strategy given the
installment structure. Note that, in our model, the installments Ki = Ki(Sti , Yti)
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can be Fti-measurable random variables rather than constants. This flexibility of-
fers an important advantage when analyzing venture capital and other sequential
investments.
tn+1 = t tn tn−1 t2 t1 t0 = T





Figure 5.2: An installment option In with n optional installments Kn, · · · ,K1.
The indifference valuation methodology is based on the comparison of the
optimal investment opportunities with and without the installment option. In both
situations, dynamic trading between the bond and the stock occurs over the time
horizon [t, T ]. Throughout, it is assumed that no exogenous funds are available,
nor is intermediate consumption allowed. The investor uses a self-financing strategy
to rebalance his/her portfolio allocations. Starting at time t with initial wealth
x ∈ R, the investor holds ∆s shares of stock for s ∈ [t, T ] with the (spot) value of
πs = ∆sSs, and deposits the remainder of his/her wealth into the bond account. It
follows that the total current wealth X0s , in the absence of installments, solves
dX0s = µ(s, Ss)πsds+ σ(s, Ss)πsdW
1
s , (5.3)
for s ∈ [t, T ], with initial condition X0t = x ∈ R [see 96]. The set of admissible
policies is defined by A[t,T ] :=
{







The next step is to introduce stochastic optimization problems for analyz-
ing the investor’s optimal behavior, through which the indifference price will be
constructed. Throughout the analysis, we concentrate on a constant absolute risk
aversion (CARA) investor with utility function given by
u(x) = −e−γx, x ∈ R, (5.4)
where γ > 0 is the risk aversion parameter. The investor’s objective is to maximize
the expected utility of terminal wealth at T .
The first optimization problem is the classical Merton model of optimal in-
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vestment, where the investor seeks to maximize the terminal expected utility without
holding the installment option. The value function is defined as





∣∣St = S,X0t = x] , (5.5)
for (t, S, x) ∈ [0, T ]×R+×R, with terminal condition M(T, S, x) = u(x), where the
wealth process (X0s ) satisfies (5.3) and A[t,T ] is the set of admissible policies.
In the second problem, the installment option In(S, Y ) is incorporated. We
assume that it is bought at time t < min1≤i≤n Ti. Recall that in [t, T ] the factor Y is
not traded. The option holder has to pay the installment Ki at each installment date
ti until the discretionary time τ at which s/he decides to terminate the contract.
Hence, the wealth dynamics suffer a downside jump of size Ki at each ti < τ , though
they are still governed by (5.3) between two successive installment dates. The wealth













for s ∈ [t, T ], where τ ∈ T := {tn, · · · , t1, t0 = T} denotes the contract terminating
time. The corresponding value function is then defined by







) ∣∣St = S,Xt = x, Yt = y] , (5.7)
for (t, x, y) ∈ [0, T ]×R×R, where Xs is the wealth process given by (5.6) and A[t,T ]
as defined previously.
5.3 Utility-based Valuation
In this section we construct the indifference price of the installment option In(S, Y ).
The definition of indifference price for claims involving early exercise was first intro-
duced by [39] for models with transaction costs, and later by [110] for models with
a non-traded asset. The following definition is a direct extension of the latter.
Definition 5.3.1. The buyer’s indifference price of the installment option In(S, Y )
with terminal payoff GT = g(ST , YT ) and n installments – as specified in the previous
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section – is defined as the amount ν(In; γ, t) such that
M(t, S, x) = V n(t, S, x− ν(In; γ, t), y), (5.8)
for (t, S, x, y) ∈ [0, T ]×R+×R×R, where the value functions M and V n are defined
in (5.5) and (5.7), respectively.
To determine the indifference price ν, we first need to study the value func-
tions M and V n. A standard approach is to study the associated Hamilton-Jacobi-
Bellman (HJB) equations. For ease of presentation, we suppress the arguments of





















































Note that L(S) and L(S,y) are the infinitesimal generators of Markov process S and
(S, Y ), respectively. To this end, we apply dynamic programming and stochastic










+ L(S)M = 0, (5.12)
for (t, S, x) ∈ [0, T ]×R+×R, with terminal condition M(T, S, x) = −e−γx. It turns
out that this equation can be linearized and solved by Feynman-Kač connection.
We summarize the result as follows (the proof can be found in Appendix).
Proposition 5.3.2. The value function M defined in (5.5) is given by














∣∣∣St = S] , (5.14)
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The above pricing measure Q is known as the minimal martingale measure,
under which the discounted traded asset is a martingale while the law of the orthogo-
nal martingale measure remains unchanged. This measure was originally introduced
by [52]. For models with continuous price process, it is the martingale measure min-
imizing the reverse entropy H(P|Q) over all local martingale measures Q ∈ M;
see [125, 126]. We recall that the relative entropy H(Q|P ) of any probability mea-












where dQdP is the Radon-Nikodym derivative of Q with respect to P . In the present
model, where the market coefficients µ and σ depend only on (t, St), the minimal
martingale measure Q coincides with the minimal entropy martingale measure. The
latter is the martingale measure minimizing the relative entropy H(Q|P) over Q ∈
M. For further discussions, we refer to [54, 118], and [40]. In addition, the dynamics
of (S, Y ) under Q become















To construct the value function V n (cf. (5.7)), we start from the last period
where no installment is left to pay (say, n = 0). In this case, the optimization
problem reduces to that involving a traditional European option. [111] studied this
problem assuming lognormal stock dynamics, in which the argument S vanishes
away from the value function. In the present setting, the associated HJB equation








σ2SVSx + ρσaVxy + µVx
))
+ L(S,y)V = 0, (5.18)
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for (t, S, x, y) ∈ [0, T ]× R+ × R× R, with terminal condition
V (T, S, x, y) = − exp{−γ(x+ g(S, y))},
where the operator L(S,y) is defined in (5.10). The value function V is the unique
viscosity solution of (5.18) and (5.19) in the class of functions that are concave and
nondecreasing in x and uniformly bounded in y [see 110, 46]. We further have the
following results, the proof of which is provided in Appendix.
Proposition 5.3.3. The value function V 0 for the European payoff GT = g(ST , YT )
is given by
V 0(t, S, x, y) = − exp {−γ(x+m(t, S) + h(t, S, y))} , (5.19)
for (t, S, x, y) ∈ [0, T ]× R+ × R× R, where the functions m is given by (5.14) and




γ(1− ρ2)a2h2y = 0, (5.20)
for (t, S, y) ∈ [0, T ]× R+ × R, with terminal condition h(T, S, y) = g(S, y).
We note that, although the HJB equation (5.18) can be reduced to the quasi-
linear equation (5.20) using a simple log transformation, the latter cannot be further
linearized due to the dimensionality and the nature of the nonlinearity. It is, how-
ever, easy to show that h is the indifference pricing function of the European payoff
GT , by applying the indifference condition (5.8) to the value functions (5.13) and
(5.19). In addition, we observe that the function V 0(t, S, ·, y) is strictly increasing
for any (t, S, y) ∈ [0, T ]× R+ × R.
We next consider an installment option I1(S, Y ) with a sole outstanding
installment K1, to be paid at time t1 ∈ (t, T ). In this simple case, n = 1 and
τ ∈ T = {t1, T}. At the installment date t1, the investor having wealth Xt1 –
determined by the control policy π up to t1 – is faced with the choice between
terminating the contract and paying the installment K1. If s/he choose to default
the payment K1 (in which case, τ = t1), thereby terminating the contract at t1,
then, thereafter, the investor trades exclusively between the two tradable assets. In
this case, no derivative payoff will be involved at the terminal time T . The investor
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then solves the classical Merton problem with initial wealth Xt1 at time t1 and has
maximal utility given by M(t1, St1 , Xt1).
Alternatively, the investor can choose to pay the installment K1 for keeping
the right to exercise the option at T , which corresponds to τ = T . In this case, the
buyer’s wealth state at t1 becomes Xt1 −K1. The valuation problem reduces to the
optimal investment problem involving a European claim with payoff GT , namely, I0.
Hence the continuation value is V 0(t1, St1 , Xt1 −K1, Yt1). The indifference pricing
condition (cf. (5.8)) further leads to
V 0(t1, St1 , Xt1 −K1, Yt1) = M(t1, St1 , Xt1 +Ht1 −K1),
with Ht1 = h(t1, St1 , Yt1) being the indifference price of the European payoff GT at
t1.
Having the right to decide whether to stop or to continue, the buyer’s ex-
pected utility payoff is given by3





t1, Xt1 + (Ht1 −K1)+
) ∣∣St = S,Xt = x, Yt = y] ,
for t < t1 and a given control policy π ∈ A[t,t1] up to time t1. Note that the
monotonicity of M with respect to the spatial argument x has been used for the
last equality. Moreover, it is optimal to terminate the contract if
M(t1, St1 , Xt1) ≥M(t1, St1 , Xt1 +Ht1 −K1),
and to continue otherwise. The monotonicity of M further implies that the optimal
stopping condition is equivalent to Ht1 ≤ K1.
We easily deduce that the value function of the installment option I1 at time
t < t1 is given by













3The value of the portfolio at time t1 is J
π(t1, St1 , Xt1 , Yt1) = M(t1, St1 , Xt1 + (Ht1 − K1)+)
for a given control policy π ∈ A[t,t1].
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This resembles the valuation of a European claim with the payoff (Ht1 − K1)+
realized at time t1 ∈ (t, T ) for an investor with utility function u(x) = M(t1, S, x).
These observations lead to the following result.
Proposition 5.3.4. The indifference price ν(I1; γ, t) of an installment option, with
a sole outstanding installment K1 to be paid at t1 ∈ (t, T ), is given by
ν(I1; γ, t) = v(t, S, y),
where the function v solves the quasilinear equation
vt + L̃(S,y)v −
1
2
γ(1− ρ2)a2v2y = 0, (5.22)
for (t, S, y) ∈ [0, t1]× R+ × R, with terminal condition
v(t1, S, y) = (h(t1, S, y)−K1(S, y))+.
Proof. From (5.21) it is clear that V 1 satisfies the HJB equation (5.18) for (t, S, x, y) ∈
[0, T ]×R+×R×R with terminal condition V 1(t1, S, x, y) = M(t1, S, x+(h(t1, S, y)−
K1)+). Following the arguments used in Proposition 5.3.3 with payoff function
g(S, y) = (h(t1, S, y)−K1)+, we find that
V 1(t, S, x, y) = − exp {−γ(x+m(t, S) + v(t, S, y))} ,
where v satisfies (5.22) with v(t1, S, y) = (h(t1, S, y)−K1)+. Finally, combining the
indifference condition (5.8), we conclude that v is the indifference price of I1.
We next apply the backward induction arguments to derive the pricing equa-
tion for a generic installment option In(S, Y ) with n installmentsKn, · · · ,K1, sched-
uled at dates tn, · · · , t1, respectively. We remind the reader that 0 = tn+1 < tn <
· · · < t1 < t0 = T (see Figure 5.2). To this end, let vi(t, y) denote the indifference
price of the installment option with i outstanding installments for t ∈ [ti+1, ti]. By
Theorem 5.3.4 and backward induction, we see that the pricing function vn(t, S, y)
solves the equation (5.22) on [0, tn]×R+×R with terminal condition vn(tn, S, y) =
(vn−1(tn, S, y)−Kn)+. The results are summarized below.
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Theorem 5.3.5. The indifference price ν(In; γ, t) defined in (5.8) is given by
ν(In; γ, t) = v(t, S, y),
where the pricing function v solves the quasilinear equation






(v ∧Ki) · δ(t− ti), (5.23)
for (t, S, y) ∈ [0, T ] × R+ × R, with terminal condition v(T, S, y) = g(S, y), where
v ∧ Ki = min{v,Ki} and δ is the Dirac function.4 Moreover, the corresponding
optimal contract terminating time is given by τ∗(ω) = min{ti : v(ti, Sti , Yti)(ω) ≤
Ki(Sti , Yti)(ω)}.
In what follows, we discuss some properties of the indifference price. It is
worth noting that the pricing PDE (5.23) can be characterized by its absence of the
drift in S and the adjustment of the drift in y. The absence of the drift in S is by no
mean an accidental observation. Since the stock S is tradable, the ingredient of the
derivative risk generated by the stock S can be fully hedged through trading in S. So
by no-arbitrage argument the drift in S should be exactly the interest rate, which is
zero by assumption. This observation is well known in the Black-Scholes framework.
On the other hand, the adjustment of the drift in y reflects the correlation of S and
Y . Although the risk factor Y is nontraded, the investor can hedge partially the
risk component associated with Y by trading in S that is correlated to Y . As a
consequence, the market price of risk related to Y is reduced by the amount of ρµσ ,







avy. In fact, as ρ → 1, the market becomes
complete because of the perfect correlation between S and Y . So the market prices
of the two risky assets must be consistent with each other, namely µσ =
b
a , to exclude
arbitrage opportunity, and therefore the drift in y would vanish as well. In this case,
we further observe that the pricing PDE (5.23) becomes linear and is independent
of γ.
Another notable feature of the equation (5.23) is that the nonlinear term
is of quadratic form and the only term involving the risk aversion parameter γ.
By using the comparison theorem, one can show that the buyer’s indifference price
4The Dirac function δ is introduced for notation convenience. It formally represents the pasting
condition v(t−i , S, y) = (v(ti, S, y)− Ki(S, y))
+ at time ti.
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as a function of γ is non-increasing. Thus the indifference price is bounded by
ν(In; γ, t) ≤ ν(In; 0, t), where ν(In; 0, t) is the indifference price as γ → 0.
Corollary 5.3.6. As γ → 0, the (risk neutral) indifference price, ν(In; 0, t) =
φn(t, S, y), solves the linear equation
φt + L̃(S,y)φ =
n∑
i=1
(φ ∧Ki) · δ(t− ti), (5.24)
with terminal condition φ(T, S, y) = g(S, y). Moreover,
φi(t, S, y) = EQ
[(
φi−1(t, Sti , Yti)−Ki(Sti , Yti)
)+ ∣∣St = S, Yt = y] , (5.25)
for (t, S, y) ∈ [0, ti] × R+ × R, where φ0 = EQ [g(ST , YT )|St = S, Yt = y] and the
martingale measure Q is defined in (5.15).
In other words, as the buyer becomes risk neutral, the indifference price
converges to the expectation of the payoff under the minimal entropy measure.
This asymptotic behavior has been well studied under dual arguments by various
authors; see, among others, [118] and [40]. In the current setting, the equation
(5.24) follows from the robustness of viscosity solutions [see 89, Proposition I.3] for
equation (5.23) and the uniqueness of solution to the linear equation (5.24). The
probabilistic representation (5.25) is a direct result of the Feynman-Kač formula
and Girsanov theorem.
5.4 The Risk Monitoring Strategy
In this section, we follow the spirit of [111] to construct the risk monitoring strategy
for an arbitrary installment option In(S, Y ).
We first recall that the optimal control policy for the investment problem
(5.7) is provided in the feedback form




















with its optimality following from the classical verification results [see, for example,
50, Theorem IV.3.1]. Recalling (5.6), we obtain the optimal wealth process
X∗s = x− v(t, St, Yt)−
n∑
i=1









for s ∈ [t, T ], where µ and σ depend on (u, Su).
Respectively, the optimal trading policy of the Merton problem (5.5), Π0,∗s ,
is given by Π0,∗s = π0,∗(s, Ss, X
0,∗
s ) for s ∈ [t, T ], where the feedback function π0,∗ is
















for s ∈ [t, T ].
Imitating the arguments used for “delta hedging” in Black-Scholes setting,
we consider the optimal “indifference hedging strategy,” which is defined as the
adjustment of optimal portfolio caused by incorporating the derivative. This leads
to the following.





= −vS(s, Ss, Ys)− ρ
a(s, Ss)
σ(s, Ss)Ss
vy(s, Ss, Ys), (5.28)
for s ∈ [t, T ], where the pricing function v is given in (5.23).
The above hedging strategy ∆ns represents the optimal number of shares of
the traded asset that the investor have in his/her portfolio due to the presence of the
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installment option In. For more discussions, see, for example, [111, 107], and [132].
The following result follows directly from equation (5.23) and Itô calculus.
Proposition 5.4.2. The indifference price process, νs = v(s, Ss, Ys), t ≤ s ≤ T ,
satisfies

























We next define the residual optimal wealth process and the residual risk
process; see [111] and [136].
Definition 5.4.3. Let X∗s , X
0,∗
s and Hs be given, respectively, by (5.26), (5.27)
and (5.29). Then, we define the residual optimal wealth process by Ls := X∗s −X
0,∗
s ,
s ∈ [t, T ], with initial data Lt = −v(t, S, y), and the residual risk process by Rs :=
Ls − νs, s ∈ [t, T ], with initial data Rt = 0.
From (5.26) and (5.27) we deduce









σ(Π∗u −Π0,∗u )dW 1u















where µ, σ depend on (u, Su), a on (u, Yu) and v on (u, Su, Yu). Further, combining
(5.29) and (5.30) yields












The following result provides the payoff decomposition.
Theorem 5.4.4. The payoff g(ST , YT ) of the installment option In(S, Y ) with n
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outstanding installments Kn, · · · ,K1 admits the decomposition






















a2v2y(s, Ss, Ys)ds+ ρ̄
∫ T
t
avy(s, Ss, Ys)dW⊥s ,
(5.32)
where v(t, S, y) is the pricing function given by (5.23), and τ∗(ω) = min{ti : v(ti, Sti , Yti) ≤
Ki(Sti , Yti)} is the contract’s optimal terminating time.
Proof. It follows from (5.30) that the residual wealth at terminal time T is given by
LT = −v(t, St, Yt)−
n∑
i=1











By the residual risk process (5.31), we have












Thus, the decomposition (5.32) follows from the last two equations since νT =
g(ST , YT ).
Intuitively, the payoff of the installment option is decomposed into four com-
ponents: the indifference price (upfront value), the installment payments up to τ∗,
the hedgeable risk, and the residual risk. The hedgeable risk, which is characterized
by the third and the fourth terms on the right-hand side of (5.32), is captured by the
proceeds from the trading in S. Specifically, the integrand of the third term reflects
the hedge of the risk arising from the stock S, which resembles to the delta hedge of
the Black-Scholes model. The integrand of the fourth term represents the amount
that is invested into the stock S in order to hedge the risk ingredient generated by
the non-traded risk factor Y . This term disappears when ρ = 0. On the other hand,
when ρ→ 1 and ba =
µ
σ , the integrand of the fourth term becomes the familiar delta
hedge of the Black-Scholes model. Finally, the last two terms in (5.32) represent
the residual risk that is accumulated over time and cannot be further diversified.
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5.5 Installment Options on Non-traded Risk Factors
In this section, we restrict our attention to an installment option In(Y ) contin-
gent only on the non-traded risk factor Y . That is, the payoff GT = g(YT ) and
installments Ki = Ki(Yti) depend only on Y , where g(·) and Ki(·), (i = 1, · · · , n)
are bounded functions. In addition, the stock dynamics (5.1) is assumed to be a
homogeneous SDE, namely, the coefficients µ(t, S) = µ(t) and σ(t, S) = σ(t). The
motivation for this consideration is to provide a more tractable model that is rich
enough for the valuation of venture capital and other sequential investments.
In this special case, the first optimization problem reduces to the classical
Merton model, where the value function M is given by











for (t, x) ∈ [0, T ]× R [see 96]. The second optimization problem is defined as






XT + g(YT )1{τ=T}
) ∣∣Xt = x, Yt = y] ,
for (t, x, y) ∈ [0, T ] × R × R, where (Xs) is the wealth process given by (5.6). We
recall that τ ∈ T := {tn, · · · , t1, t0 = T} is the contract’s terminating time and A[t,T ]
the set of admissible policies. Moreover, the indifference condition (5.8) becomes
M(t, x) = V n(t, x− ν(In; γ, t), y),
















(v ∧Ki) · δ(t− ti), (5.33)
for (t, y) ∈ [0, T ]× R, with terminal condition v(T, y) = g(y). Following the similar
arguments used in Theorem 2 and 3 in [111], we derive the probabilistic represen-
tation of v, and obtain the following recursive formula for the price.
Theorem 5.5.1. Let v0(t, y) denote the pricing function for the European payoff
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c(YT ), which is given by






∣∣∣Yt = y] , (5.34)
for (t, y) ∈ [0, T ] × R, with Q introduced in (5.15). The indifference price for the
installment option In(Y ) is given by
ν(In; γ, t) = vn(t, y),
where the pricing function vn : [0, tn]× R → R is defined recursively by







∣∣∣Yt = y] , (5.35)
for (t, y) ∈ [0, ti] × R, (i = 1, · · · , n). Moreover, the corresponding optimal contract
terminating time is τ∗(ω) = min{ti : vi(ti, Yti(ω)) ≤ Ki(Yti(ω))}.
From (5.35) it follows that an installment option with only one installment
reduces to a compound call on a call, which was previously considered in [61, 62, 119],
and [127] in an arbitrage-free setting. In general, a compound call (resp. put) option
gives the holder the right but not obligation to buy (resp. sell) a new option. The
compound option has strike price K1 and time to maturity t1, while the underlying
one has payoff g(YT ) and time to maturity T > t1. Following the same line of
arguments used in Theorems 5.3.5 and 5.5.1, we deduce that the indifference prices
of a compound call, Cc(t, y), and a compound put, Cp(t, y), are given, respectively,
by






Cp(t, Yt) = Et
[(
K1 − Et1 [g(YT )]
)+]
,










5.6 Applications to ASX Installments and Venture Cap-
ital
In this section, we illustrate an application of the installment model to analyze the
ASX installment warrants and the staged financing of venture capital. As men-
tioned earlier, the former is an innovative financial product traded actively on the
Australian Stock Exchange (ASX), and the latter is a widely used financing tool in
venture capital investments.
With these applications in mind, we shall develop a numerical procedure
for pricing installment options contingent on the asset Y , such as an installment
call and put with constant exercise price K. The dynamics of Y is taken to be
lognormal, namely, a(t, y) = αy and b(t, y) = βy with constants α and β. Unless
otherwise specified, the model parameters are set in Table 5.1. These installment
options have, in general, 0 to 8 equal installments of amount Ki = 3 or 6, where the
case of 0 installment reduces to the European one.
Table 5.1: Model parameters.
Y0 K T r µ σ β α ρ γ
100 100 1 5% 10% 25% 15% 30% 80% 0.01
In order to apply the results, we first normalize the price processes using
the bond as numeraire. This yields the following discounted parameters: r̃ = 0,
µ̃ = 5%, β̃ = 10%, K̃ = 100e−rT , and K̃i = 100e−rti , while those of σ, α, ρ, and
Y0 remain unchanged. The indifference price of such installment options is given by
the recursive formula (5.35) with discounted installments K̃i. Recalling (5.17), the








with W̃ being a Q-Brownian motion. The problem amounts to computing the
conditional expectation appearing in (5.35). An efficient procedure is the simple
least-squares Monte Carlo (LSM) simulation, which was originally proposed by [92]
and has been widely used to price American options. In the sequel, we developed a
LSM procedure for the indifference price of installment options.
119
The key idea of LSM is based on the least-squares approximation, which,
for completeness, is briefly reviewed below. We assume that the conditional expec-
tation is an element of the space of square-integrable functions. This rather mild
assumption enables us to represent it as a linear combination of a countable set of
simple basis functions, i.e.







with constant coefficients pk and orthonormal basis ψk. The LSM entails projecting
the conditional expectation onto the subspace spanned by the first Ψ basis functions:




In general, the choice of basis functions includes Chebyshev, Hermite, Ja-
cobi, and Legendre polynomials, though numerical experiments indicate that the
simple polynomials also give accurate results. Once we specify the basis functions,
the problem reduces to find the best coefficients to minimize the squared error of
approximation ε2, which can be done using a simple regression procedure. We first
generate a certain number of sample paths for the price process Y . Starting from the
last period, we, in turn, compute the realization of the condition expectation F and
the powers of Y , for each generated path j. Using this simulated data, we regress
the conditional expectation against the powers. For instance, with a polynomials of
order 2, we have the following regression model:
F j = exp
{
−γρ̄2F (Y jti−1 ; ti−1)
}






)2 + εj .
The regression coefficients are obtained by solving a linear system. With the ap-
proximation of conditional expectation, it is easy to compute the installment value
and the probability of termination at each installment date ti. This procedure is
then carried backward until the initial time.
We examine the accuracy of the LSM procedure with basis functions being
polynomials, using installment calls with strike price K and 0 to 6 equal installments
of amount Ki = 3. The numerical results are shown in Table 5.2. In the simulation,
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the regression procedure is based on 10,000 (5,000 plus 5,000 antithetic) sample
paths of the underlying asset. The standard errors and the 90% confidence intervals
are computed using 100 replications. The center of the latter thus provides an
estimate of the installment value. As can be seen, the cases of order 3 and 4 provide
a fairly good approximation with stable standard errors.
Table 5.2: Installment upfront values and order of basis functions for LSM.
Order 2 Order 3 Order 4
n Value (s.e.) 90% C.I. Value (s.e.) 90% C.I. Value (s.e.) 90% C.I.
0 15.840 (.016) [15.812, 15.867] 15.861 (.015) [15.837, 15.886] 15.850 (.016) [15.823, 15.877]
1 13.398 (.016) [13.372, 13.424] 13.220 (.017) [13.193, 13.248] 13.242 (.015) [13.217, 13.267]
2 11.011 (.022) [10.974, 11.048] 10.828 (.016) [10.802, 10.855] 10.879 (.018) [10.850, 10.909]
3 8.635 (.040) [8.569, 8.701] 8.593 (.018) [8.564, 8.622] 8.645 (.018) [8.616, 8.675]
4 6.366 (.057) [6.272, 6.461] 6.537 (.017) [6.509, 6.565] 6.625 (.018) [6.594, 6.655]
5 4.325 (.086) [4.183, 4.467] 4.756 (.018) [4.726, 4.786] 4.815 (.017) [4.786, 4.843]
6 2.410 (.150) [2.161, 2.659] 3.231 (.016) [3.205, 3.257] 3.252 (.015) [3.227, 3.277]
This table shows the installment upfront values, estimated by LSM simulation. The installment
option is a call with equal installments (Ki = 3) and other parameters given in Table 5.1. The
simulation for the regression procedure is based on 10,000 (5,000 plus 5,000 antithetic) sample paths
from the underlying price process. The standard errors (s.e.) of the simulation estimates are given
in parentheses and the 90% confidence intervals (C.I.) in brackets, which are computed using 100
replications.
In what follows, we apply the LSM procedure to investigate the dependence of
the installment value on the market parameters and the installment structure, where
we use polynomials of order 3 as basis functions. Figure 5.3 shows the dependence
of installment values and the probability of early termination on the initial price Y0.
The graph on the left is an installment call and that on the right is a put, both of
which have only one installment (K1 = 6) at T/2. The other parameters are listed
in Table 5.1. Note that the installment values displayed in the figure include the
upfront value (indifference price) plotted using dash-dot line with asterisk markers
and the total premium in solid line with point markers. The latter is defined as the




The probability of early termination is plotted using dotted line with circle markers.
Figure 5.4 shows the dependence of installment values and the probability of
early termination on the level of installment payment. The graph on the left presents
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Figure 5.3: Installment call and put as functions of initial price Y0
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an installment call and that on the right is a put. Both of them have one installment
K1 of amount varying from 0 to 30 and other parameters listed in Table 5.1. As we
can see, in both cases, the upfront value is monotonically decreasing with respect
to the level of installments, while the total premium and the probability of early
termination is monotonically increasing.
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Figure 5.4: Instalment call and put as functions of the level of installment
In Figure 5.5, we focus on the effect of the number of installments. The in-
stallment option in consideration is a call with equal installment (Ki = 3) and other
parameters given in Table 5.1. The three graphs on the left show the dependence
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(a) Installment values (Y0 = 90)


























(b) Terminating decisions (Y0 = 90)





























































(c) Installment values (Y0 = 100)



























(d) Terminating decisions (Y0 =
100)





























































(e) Installment values (Y0 = 110)
























(f) Terminating decisions (Y0 = 110)
Figure 5.5: Dependence of installment values on the number of installments
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of the installment values on the number of installments n, where Figure 5.5a, 5.5c,
and 5.5e correspond, respectively, to the case of out-of-the-money (Y0 = 90), at-the-
money (Y0 = 100), and in-the-money (Y0 = 110). We observe that the dependence
of installment values on the number of installments is similar to that on the level of
installments as shown in Figure 5.4. Correspondingly, we investigate the distribu-
tion of contract termination decisions for the case with 6 installments, as shown in
Figure 5.5b, 5.5d, and 5.5f, respectively. Note that the probability of termination
observed at and after maturity T = 1 represents, respectively, the probability of
option exercise at maturity and the probability that the option is expired without
exercise.
We next examine the dependence of the installment value and the probability
of early termination on the risk aversion parameter γ and the correlation coefficient
ρ. The installment option is a call with one installment (K1 = 6) at T/2, and the
other parameters listed in Table 5.1. As shown in Figure 5.6, the graph on the left
displays the installment upfront value and that on the right presents the probability
of early termination. Clearly, we observe that the indifference price (upfront value)
is monotonically increasing in the risk aversion parameter γ, constant in γ at ρ = ±1,
and linearly decreasing in ρ when γ → 0. On the other hand, the probability of
early termination is monotone decreasing in γ, constant in γ at ρ = ±1, and linearly
increasing in ρ when γ → 0.
5.6.1 ASX Installment Warrants
Unlike options, warrants have dilution effect on the shares of the firm, which makes
it difficult to price a warrant as an ordinary option on stock. [14] suggested to price
warrants as options on the firm’s equity value. In the current setting, one can view
the equity as the process Y . Following the analysis of [88], an installment warrant










where M , N , and c denote the number of outstanding warrants, the number of
shares, and the conversion ratio, respectively. In what follows, we apply the install-
















































































(b) Probability of early termination
Figure 5.6: Installment call as a function of risk aversion γ and correlation ρ
126
Table 5.3 shows the upfront value and the total premium of installment
warrants for various degrees of dilution and number of installments. The installment
warrants have equal installments (Ki = 3) and the other model parameters are listed
in Table 5.1. Without loss of generality, we normalize the number of shares to one,
and we also take the conversion ratio c = 1. From Table 5.3, we observe that the
total premium is increasing in the number of installments, while the upfront values of
installment warrants is decreasing. The reason for the former is that the presence of
installments provides the option of early termination, which demand extra premium.
However, as we increase the total discounted installment payments, the upfront
payment is expected to decrease. We further observe that both the upfront value and
the total premium decrease significantly with the number of outstanding warrants.
This is due to the dilution effect of warrants. The more the outstanding warrants,
the less is the value of the shares, and so is the warrants. Such dilution effect
further weakens as the number of installments increases. As a result, the installment
warrants have a weaker dilution effect than the European counterpart and the design
of the installment structure provides more flexibility to control the firm’s capital
dilution.
Table 5.3: Installment warrant values and dilution effect.
M = 0.0 M = 0.1 M = 0.5 M = 1.0 M = 2.0
n Upfront Total Upfront Total Upfront Total Upfront Total Upfront Total
0 16.652 16.652 15.231 15.231 11.317 11.317 8.581 8.581 5.778 5.778
(.017) (.016) (.012) (.010) (.006)
1 14.026 16.952 12.631 15.557 8.783 11.709 6.124 9.050 3.478 6.404
(.018) (.016) (.012) (.009) (.007)
2 11.563 17.416 10.220 16.072 6.490 12.342 4.016 9.868 1.740 7.592
(.016) (.016) (.011) (.009) (.006)
3 9.289 18.067 7.966 16.744 4.485 13.263 2.319 11.097 0.650 9.428
(.016) (.015) (.012) (.009) (.004)
4 7.183 18.888 5.943 17.648 2.841 14.546 1.141 12.845 0.168 11.872
(.019) (.015) (.011) (.007) (.002)
This table shows the upfront value and total premium of installment warrants with equal install-
ments (Ki = 3). The simulation for the regression procedure is based on 10,000 (5,000 plus 5,000
antithetic) sample paths from the underlying price process. The standard errors given in paren-
theses are computed using 100 replications and the reported installment values are their sample
mean.
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Figure 5.7 presents the dependence of the upfront value and the probability
of early termination on the initial equity value Y0 and the time to maturity T .
The installment warrant has one installment (K1 = 6) at T/2 and the number of
outstanding of warrants is M = 0.5.
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(a) Installment upfront value
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(b) Probability of early termination
Figure 5.7: Installment warrants versus initial equity value Y0 and maturity T
5.6.2 Staged Financing of Venture Capital
In the sequel, we illustrate the application to analyze the staged financing of venture
capital. As discussed previously, the staged financing is a widely used tool in venture
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investments such as high-tech startups. These innovative startup companies are
commonly characterized by their high risk feature and low rate of success. Indeed,
many venture projects may face many years of negative earnings before seeing any
profits. According to [13], the fraction of such projects that investors can successfully
cash out – mostly through IPO’s – is less than twenty percent. To keep their ventures
under control, venture capitalists typically finance the committed funds in stages
rather than providing the total amount of capital upfront. The financing in the
subsequent stages is contingent on the performance of the project development. If
at any stage it fails to meet the expected target, the venture capitalist has the option
to abandon the venture and liquidate the project. In the real options context, such
a staging covenant can be viewed as an installment option; see, for example, [38]
and the references therein.
As an example, we consider a venture project with state variable (cashflow
value) modelled as the non-traded asset Y , which is taken to be lognormal as before.
Its staging parameters are listed in Table 5.4. These parameters are taken from the
empirical data reported in [63, Table V]. The various financing stages are grouped
into either startup, early rounds, middle rounds, or final rounds. Similar to the
classification of [63], we classify the ‘seed’ and ‘startup’ investments as startup stage.
The ‘early stage’ and ‘first stage’ are named as early rounds, while ‘other early’
and ’expansion’ investments are considered as middle rounds, Finally, the ‘second’,
‘third’, and ‘bridge’ stages are classified as final stage financing. The amount of
funding for each classified round in Table 5.4 is defined as the total funding of the
included stages. The market parameters are given as follows: r = 5%, µ = 10%,
σ = 20%, β = −5%, and α = 60%. The negative value of return β and the high
level of volatility α are chosen to reflect the high-risk feature of venture investments.
Table 5.4: Staging parameters of venture capital
Type of Financing Startup Early Round Middle Round Final Round
Duration of Stage5(years) 1.21 1.08 1.08 1.01
Amount of Funding ($ million) 2.387 2.982 4.525 7.634
From an investor’s perspective, such staged venture project is essentially an
installment call with strike price K = 7.634 and the three installment payments
5Duration of stage is defined as time to the next funding.
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listed in Table 5.4. Based on this observation, the installment model provides a
framework for analyzing the staged financing of venture investments. For instance,
Table 5.5 summarizes its net values for various risk aversion parameters and cor-
relation coefficients, where the initial state variable Y0 = 50. As it can be seen,
the net values of the venture project decrease significantly with the investor’s risk
aversion. The reason lies in the fact that venture projects are high risk investments.
A more risk-averse investor would demand higher risk premium for bearing the ven-
tures. Consequently, an identical venture contract is less valuable for an investor
with higher risk aversion.
The effect of the correlation coefficient ρ is ambiguous. The increase of ρ, on
one hand, depresses the drift of Y under the pricing measure Q (cf. (5.36)), which
decreases the future cashflows and makes the project less valuable. On the other
hand, it reduces the effective risk aversion γρ̄ and lowers the investor’s demand of
risk premium, thereby increases the value of the project. When γ is sufficiently
small, the second effect is dominated by the first one, so that the net values tend to
decrease with respect to ρ.
Table 5.5: Venture capital net value versus risk aversion γ and correlation ρ.
γ = 0.1 γ = 0.05 γ = 0.01 γ = 0.005 γ = 0.001
ρ Value (s.e.) Value (s.e.) Value (s.e.) Value (s.e.) Value (s.e.)
0.00 0.030 (0.003) 3.864 (0.000) 12.697 (0.017) 15.797 (0.039) 19.808 (0.048)
0.25 −0.641 (0.002) 2.758 (0.002) 10.269 (0.020) 13.102 (0.044) 16.164 (0.036)
0.50 −0.646 (0.001) 2.373 (0.005) 8.783 (0.054) 11.090 (0.036) 13.029 (0.036)
0.75 0.402 (0.003) 2.942 (0.008) 8.395 (0.038) 9.427 (0.028) 10.441 (0.038)
0.99 7.374 (0.025) 7.718 (0.032) 8.181 (0.034) 8.163 (0.034) 8.224 (0.040)
This table exhibits the net values of venture project with staging parameters given in Table 5.4.
The market parameters are: r = 5%, µ = 10%, σ = 20%, β = −5%, α = 60% and Y0 = 50. The
simulation for the regression procedure is based on 10,000 (5,000 plus 5,000 antithetic) sample paths
from the underlying price process. The standard errors (s.e.) given in parentheses are computed
using 100 replications.
We next consider an investor with risk aversion parameter γ = 0.01. Fig-
ure 5.8a plots the net value of the venture project as a function of the initial state
variable Y0 and for a range of correlation coefficients ρ. It shows that ρ has a sig-
nificant effect on the net value of the project. Figure 5.8b presents the probability
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of early termination when the initial state Y0 = 30 and the correlation coefficient
ρ = 0.5.For this particular project, the investor provides the ‘startup’ funding of
amount $2.387 million at time 0. With probability of about 35%, s/he would not
finance the ‘early’ round, thereby abandoning the venture at year 1.21. Likewise,
the probabilities of early termination at the ‘middle’ and ‘final’ rounds are about
15% and 45%, respectively. The probability that the investor would finance all the
committed funds and finally cash out the investment turns out to be about 5%.
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(a) Net value of venture capital
































(b) Probability of early termination
Figure 5.8: Venture capital versus initial state Y0 and correlation ρ
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5.7 Conclusions
We have developed a utility-based approach to value a variety of installment op-
tions in incomplete markets. Examples include installment call and put options,
compound options, ASX installment warrants, and staged financing of venture cap-
ital investments. For a generic installment option written on both tradable and
non-traded risk factors, we have constructed the indifference price in terms of a
quasilinear PDE and analyzed the associated risk monitoring strategies. In par-
ticular, we obtained an explicit nonlinear pricing formula for options contingent
exclusively on the non-traded risk factor.
We further developed a Monte Carlo procedure, based on the least-squares
approximation, to compute the indifference prices. Through various numerical ex-
periments, we investigated the dependence of the indifference price and the proba-
bility of early termination on the installment structure (such as the level and the
number of installments) and other market parameters (such as initial asset price,
time to maturity, risk aversion parameter, and correlation coefficient). The model
was further applied to analyze the dilution effect of ASX installment warrants and
the staged financing of venture capital investments.
In the future, we plan to apply and extend the results developed herein to
analyze other sequential investments, installment loans, and many corporate liabili-
ties with sequential opportunities (such as equity with coupon bearing bonds, bonds
with extended maturities, and callable bonds with coupon payments). Another pos-
sible direction would be the combination of static and dynamic hedging strategies
for installment options.
A question of independent interest is to investigate how to apply the present
approach to analyze the optimal design of installment warrants and agency problems
arising in venture capital.
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Chapter 6
The Valuation of Volatility
Derivatives based on Dynamic
Performance Criteria
6.1 Introduction
Since the stock market crash in 1987, the study of volatility has become more and
more important in quantitative finance. Recently, the research has been directed to
the valuation of volatility derivatives. However, the current literature is concentrated
on the Black-Scholes setting and static hedging framework; see [18, 55, 58] and the
reference therein.
In this chapter, we apply the utility-based approach to value a family of
volatility derivatives, whose payoff, at maturity T , can be written asGT = g(YT , ZT ),




ζ(τ, Yτ )dτ, t ≤ s ≤ T. (6.1)
For technical reasons arising in the underlying utility maximization, we assume
that g and ζ are deterministic functions such that GT is bounded and satisfy the
integrability condition.
This payoff specification includes many popular volatility derivatives actively
traded in the market, such as variance swaps and volatility swaps, as well as Euro-
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pean options. In practice, variance swap is indeed a forward contract on the realized























where N is the notional amount of the swap, A is the annualization factor and Kvar
is the strike price.
6.2 Market and Investment Environment
We consider a dynamic financial market consisting of a riskless bond B (money-
market account) and a risky stock S. The stock price is assumed to follow a diffusion
process satisfying
dSt = µ(t, Yt)Stdt+ σ(t, Yt)StdW 1t , t ≥ 0, (6.3)
with S0 > 0. The drift µ and volatility σ of the stock are driven by a stochastic
factor Y , which is modelled as a correlated diffusion
dYt = b(t, Yt)dt+ a(t, Yt)(ρdW 1t + ρ̄dW
⊥
t ), t ≥ 0, (6.4)
with ρ ∈ (−1, 1) being the correlation coefficient and ρ̄ =
√
1− ρ2. The bond is
assumed to be tradable over the time horizon [0, T ], yielding constant interest rate
r. Without loss of generality we can take r = 0. The results for r > 0 follow directly
from the standard rescaling arguments by using bond as numeraire.
In equations (6.3) and (6.4), the processes (W 1t ,W
⊥
t ; t ≥ 0) are independent
standard Brownian motions defined on a filtered probability space (Ω,F , (Ft)t≥0,P),
where the filtration (Ft)t≥0 is generated by both W 1 and W⊥ satisfying the usual
conditions. The market coefficients µ, σ, a and b are assumed to satisfy all the reg-
ularity conditions such that equations (6.3) and (6.4) have a unique strong solution
satisfying St > 0 P-a.s. for a.e. t ∈ [0, T ]. We denote by λt = λ(t, Yt), t ≥ 0, the






We consider an investor, who trades dynamically between the bond and the
stock over the time horizon [0, T ]. Suppose that the investor starts with initial
wealth Xt = x ∈ R at time t and, subsequently, uses a self-financing strategy to
rebalance her portfolio allocations. At time s ∈ [t, T ], she invest the amount of πs
into the stock market (say, ∆s = πs/Ss shares), and deposits the remainder of her
wealth into the bond account. It follows that the total current wealth Xs, in absence
of intermediate consumption, satisfies the following controlled diffusion equation
dXs = µ(s, Ys)πsds+ σ(s, Ys)πsdW 1s , (6.6)
for s ∈ [t, T ], with Xt = x ∈ R [see 96]. The set of admissible policies is defined by
A :=
{






In the current model the bond and the stock are the only liquid securities in
the market, which are tradable at any time. Although the investor can buy or sell
the volatility derivatives, their underlying Yt is not tradable. This intrinsic market
incompleteness and the path-dependent feature are the central issues that we will
tackle in this chapter.
6.3 Valuation based on Dynamic Performance Criteria
We devote this section to review some basic concepts of dynamic performance cri-
teria. The following definition was proposed by [113, 114].
Definition 6.3.1. An Ft-adapted process U(t, x), t ≥ 0, is a dynamic performance
criterion if
(i) as a function of x, it is increasing and concave for each t ≥ 0
(ii) for each admissible self-financing strategy π ∈ A, U(t,Xπt ) is a supermartingale
with respect to the filtration F, i.e.




for 0 ≤ t ≤ s, and
(iii) there exists some admissible self-financing strategy π∗, such that U(t,Xπ
∗
t ) is a
martingale with respect to F, i.e.
U(t,Xπ
∗







for 0 ≤ t ≤ s.
It is worth noting that the dynamic performance is closely related to the
investment opportunities (market environment). Property (i) makes the dynamic
performance act as a traditional utility function locally. Property (ii) imposes a
time consistency constraint on the investment horizons. Finally, property (iii) takes
into account the investment optimality.
The first example of dynamic performance arises from the classical Merton
model, in which investors aim to maximize their expected utility of terminal wealth,
say, at time T̄ > T . Its value function is defined as 1
M(t, x, y) := sup
A
Ex,yt [ū(XT̄ )] , (6.9)
for (t, x, y) ∈ [0, T̄ ]× R× R, where the wealth process (Xs) satisfies (6.6) and A is
the set of admissible policies.
It is straightforward to verify that the process defined by V (t, x) := M(t, x, Yt)
satisfies the properties in definition 6.3.1. It thus defines a dynamic performance
criterion, which is called the backward dynamic performance because it is normalized
at the future time T̄ (say, V (T, x) = ū(x)), and is self-generated backward in time.
In particular, consider a constant absolute risk aversion investor with exponential
utility function given by
ū(x) := −e−γx, x ∈ R, (6.10)
where γ > 0 is the risk aversion parameter. The associated dynamic performance
criteria is then given by
















for (t, x) ∈ [0, T̄ ]× R; see [129].
1Throughout, we adopt the short notation Ex,y,zt [·] := EP[·|Xt = x, Yt = y, Zt = z] for the
conditional expectation under the historical measure P.
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6.4 Forward Indifference Valuation
In this section, we focus our attention on the indifference valuation based on dynamic
performance criteria.
Following [113], we consider the dynamic performance criterion of exponen-
tial type given by








, t ≥ 0, (6.12)
with λ being the Sharoe ratio process defined in (6.5). Note that such a performance
is forward normalized with an exponential initial performance U(0, x) = −e−γx at
time 0. It is straightforward to check that U defined in (6.12) satisfies those three
properties of Definition 6.3.1. For more detail discussion, we refer to [114].
As discussed previously, the indifference price is defined through two optimal









where the wealth process (Xs) satisfies (6.6) and A is the set of admissible policies.
In the second optimal investment problem, we assume that the investor buys the
volatility derivative GT at time t ∈ [0, T ]. Then the relevant optimal investment








where the wealth process (Xs) satisfies (6.6) and A is the set of admissible policies.
We now proceed to define the forward indifference price; see [114].
Definition 6.4.1. The buyer’s forward indifference price (BFIP) process νt(GT ) is














for (t, x, y, z) ∈ [0, T ]× R× R× R+.
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In the above definition, the seller’s forward indifference price (SFIP) is given
by −νt(−GT ). In order to determine the indifference price νt(GT ), we need to solve
the two associated optimization problems (6.13) and (6.17). The first optimization
problem is easy. Thanks to the martingale property of the dynamic performance
U(t,X∗t ), we immediately see that







for (t, x) ∈ [0, T ]× R.




























u(t, x, y, z),
(6.17)
where we use the following value function


















for (t, x, y, z) ∈ [0, T ]× R× R× R+.







σ2π2uxx + π (ρσauxy + µux)
)
+ Lyu+ ζuz +
1
2
λ2u = 0, (6.19)
for (t, x, y, z) ∈ [0, T ]×R×R×R+, with terminal condition u(T, x, y, z) = − exp{−γ(x+
g(y, z))}, where the differential operator Ly := 12a
2 ∂2
∂y2
+ b ∂∂y .
We next derive the value function u, following closely the arguments in [111].
Theorem 6.4.2. The value function u defined in (6.18) is given by








for (t, x, y, z) ∈ [0, T ] × R × R × R+, where the pricing measure Q0 is the minimal
138


















Proof. Using the scaling property of the objective function and the structure of the
controlled wealth dynamics, we postulate a solution of the form
u(t, x, y, z) = −e−γxf(t, y, z)
1
1−ρ2 . (6.22)




a2fyy + (b− ρλa)fy + ζfz = 0, (6.23)
for (t, y, z) ∈ [0, T ]× R× R+, with terminal condition f(T, y, z) = e−γρ̄2g(y,z).
By the Girsanov theorem, we observe that, under the minimal martingale
measure Q0 defined in (6.21), the process W̃ 1t = W 1t + ρλt is a standard Brownian
motion. It follows that, under Q0, the dynamics of Yt and Zt are given by
dYt =
(








, t ≥ 0, (6.24)
dZt = ζ(t, Yt)dt, t ≥ 0. (6.25)
Using the Feynman-Kac formula, we deduce that the solution to (6.23) can be
represented by






The representation (6.20) thus follows by substituting (6.26) into (6.22). The fact
that Q0 is the minimal martingale measure has been well established [see, for ex-
ample, 52, 125, 126].
Remark 6.4.3. Under the present stochastic volatility model, the density of an





























where P is the historical measure, λ is the Sharpe ratio process of the stock, and




sds < +∞ a.s. [see 12]. We assume that
E[dQ/dP] = 1 so that Q is a probability measure equivalent to P on FT . A sufficient












It is worth noting that the set of all ELMM is one-to-one correspondence to
the set Φ of integrands ϕ. The MMM Q0 corresponds to ϕ = 0 in (6.27). Under Q0,
the discounted stock price is a martingale while the law of the orthogonal martingale
measure remains unchanged. For models with continuous price process, it has been
shown that Q0 is the martingale measure minimizing the reverse entropy H(P|Q)
over all ELMM Q ∈M, i.e.
Q0 = arg min
Q∈M








We refer the reader to [125, 126] for more discussions.
We are now ready to derive a closed-form formula for the forward indifference
price.
Theorem 6.4.4. The forward indifference price (FIP) for a volatility derivative
GT = g(YT , ZT ) is given by νt(GT ) = v(t, Yt, Zt), where the pricing function








for (t, y, z) ∈ [0, T ]× R× R+.
Proof. Using the value function (6.16) and (6.18), we rewrite the pricing condition
(6.15) as









for (t, x, y, z) ∈ [0, T ] × R × R × R+. To this end, the forward indifference pricing
formula (6.39) follows directly from combining the dynamic performance criterion
(6.12) and the value function (6.20).
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From equation (6.23) and the fact that v(t, y, z) = − 1
γρ̄2
ln f(t, y, z), it follows








for (t, y, z) ∈ [0, T ]×R×R+, with terminal condition v(T, y, z) = g(y, z). Moreover,
by Itô calculus, we easily deduce that the indifference price process νs satisfies








for s ≥ t. It follows that the market price of risk associated with the non-traded




γρ̄a(s, Ys)vy(s, Ys), (6.34)
for s ≥ t.
6.4.1 The Optimal Portfolio and Risk Monitoring
In the sequel, we follow the analysis introduced by [111] to construct the risk mon-
itoring strategy and payoff decomposition.
We next recall that the optimal portfolio for the investment problem (6.18)
is provided in the feedback form








for s ∈ [t, T ].







for s ∈ [t, T ].
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6.5 Backward Indifference Valuation
In the section, we focus on the traditional backward indifference valuation with
emphasis on volatility derivatives. The valuation methodology is based on the com-
parison between two optimal investment problems with and without involving the
derivative. In the traditional model, the investor aims to maximize her expected
utility of terminal wealth, say, at time T . Consider a constant absolute risk aversion
(CARA) investor with utility function given by
ū(x) := −e−γx, x ∈ R, (6.35)
where γ > 0 is the risk aversion parameter.
The first relevant optimization problem is the classical Merton model. The
value function is defined as
M(t, x, y) := sup
A
Ex,yt [ū(XT )] , (6.36)
for (t, x, y) ∈ [0, T ]× R× R, where the wealth process (Xs) satisfies (6.6) and A is
the set of admissible policies. The second optimal investment problem incorporates
the derivative GT , and the corresponding value function is defined by
V (t, x, y, z) := sup
A
Ex,y,zt [ū(XT + g(YT , ZT ))] , (6.37)
for (t, x, y, z) ∈ [0, T ]× R× R× R+.
Using the above value functions, the indifference price for the derivative GT
is then defined as the amount h(t, x, y, z) such that
M(t, x, y) = V (t, x− h(t, x, y, z), y, z), (6.38)
for (t, x, y, z) ∈ [0, T ]×R×R×R+, where the value functions M and V are defined
in (6.36) and (6.37), respectively.
Proposition 6.5.1. The backward indifference price is given by































We remark here that the pricing measure Q is actually minimal entropy
martingale measure (MEMM); see [108].
6.6 Applications
In this section, we apply our model and develop numerical procedures to value
a variety of volatility derivatives, such as variance and volatility swaps, variance
options in European and Asian styles. To make the treatment applicable directly
to practice, we focus our attention on the Heston stochastic volatility model, which
is popular in the industry [see 58];
6.6.1 Heston Model (Square-root Model)
The Heston stochastic model [see 69] corresponds to choose µ(t, Yt) = µ(t) and
σ(t, Yt) =
√
Yt in equation (6.3), and b(t, Yt) = −η(Yt − Ȳ ) and a(t, Yt) = δ
√
Yt in





t , t ≥ 0, (6.41)
dYt = −η(Yt − Ȳ )dt+ δ
√
YtdWt, t ≥ 0, (6.42)
where η is the speed of reversion of Yt to its long-term mean Ȳ , and Wt = ρW 1t +
ρ̄W⊥t .
The process followed by the instantaneous variance Yt may be recognized as
a version of the so-called CIR process introduced by [29]. The CIR process and
its variants have been widely used to model the interest rate term structure, in
particular, the affine term structure model.
Unless otherwise specified, we use the well-known BCC parameters [see 7]
for the Heston model, which are specified in Table 6.1. We also set the default
parameters for risk aversion γ, time to maturity T , and strike price K.
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Table 6.1: Heston model parameters.
r µ Y0 Ȳ η δ ρ γ T K
4.0% 12.7% 0.04 0.04 1.15 39% -28% 0.1 1.0 0.04






t , t ≥ 0, (6.43)
dYt =
(




YtdW̃t, t ≥ 0, (6.44)
where W̃ 1 and W̃⊥ are standard Brownian motions under Q0, with correlation ρ.
6.6.2 Reciprocal Heston Model (3/2 Model)
The 3/2 model corresponds to choose µ(t, Yt) = µ(t) and σ(t, Yt) =
√
Yt in equation
(6.3), and b(t, Yt) = −(αYt − βY 2t ) and a(t, Yt) = θY
3/2






t , t ≥ 0,
dYt = (αYt − βY 2t )dt+ θY
3
2
t dWt, t ≥ 0.
We observe that the above variance process Yt is exactly the reciprocal of a CIR






t , t ≥ 0, (6.45)
dYt = −η(Yt − Ȳ )dt+ δ
√
YtdWt, t ≥ 0, (6.46)
where the process Yt becomes the reciprocal variance process.
We will see that this latter specification gives advantage for a unified nu-
merical treatment. This also explained why the 3/2 model is sometimes called the
reciprocal Heston model. As argued by [65], the reciprocal CIR process is reason-
able model for stochastic volatility (variance) because of its positivity and mean
reverting. The reciprocal CIR process has used by [1] in modeling term structure,
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which yields a closed-form solution for bond prices.
Unless otherwise specified, the parameters for the reciprocal Heston model
(6.45) and (6.46) are set in Table 6.2.
Table 6.2: Reciprocal Heston model parameters.
r µ Y0 Ȳ η δ ρ γ T K
4.0% 12.7% 32.26 28.57 1.15 39% -28% 0.1 1.0 0.04







t , t ≥ 0, (6.47)
dYt =
(




YtdW̃t, t ≥ 0, (6.48)
where W̃ 1 and W̃⊥ are standard Brownian motions under Q0, with correlation ρ.
6.6.3 Volatility Derivatives
We focus on the applications to variance and volatility swaps. The discounted payoff













We also consider European options and Asian options on realized variance. For








which corresponds to choose g(y, z) = (z −K)+ and ζ(t, y) = σ2(t, y) in (6.1). The











which corresponds to choose g(y, z) =
(
σ2(T, y)− z
)+ and η(t, y) = σ2(t, y) in (6.1).
6.7 Numerical Treatments
In this section, we develop a numerical procedure based on Monte Carlo simulation
to value a generic volatility derivative considering its path-dependent feature. The
essential step in the simulation is to generate the paths of the CIR process given by
dYt = (A(t)−B(t)Yt)dt+ C
√
YtdW̃t, t ≥ 0, (6.53)
with Y0 ≥ 0. It is well known that the above SDE (6.53) has a unique nonnegative
solution provided that A ≥ 0 and C ≥ 0 [see 117]. If, in addition, we impose
condition A > C2, then the process is always positive [see 87]. Note also that the
process is mean-reverting when B > 0, which is a desirable property for modeling
stochastic volatility. The challenge is to produce positive paths.
6.7.1 Monte Carlo Simulations
Milstein Discretization. It is straightforward to discretize the paths using a
Milstein scheme. Specifically, by Ito-Taylor expansion, we have
























where w ∼ N(0, 1). The problem of Milstein scheme is that it does not guarantee
a positive path, though it reduces significantly the negativity problem if comparing
to the Euler scheme. In the sequel, we follow [2] to develop schemes the guarantee
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the positivity of the CIR process.
The First Implicit Schemes. We first consider the following discretization






which follows the quadratic equation

















































dWt, t ≥ 0.
































































which provides the second implicit scheme.
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Explicit Schemes. Applying Taylor expand to the above two implicit schemes,













































− k + kw2
)2
∆t, (6.57)















− k + kw2
)2
∆t, (6.58)
for 0 ≤ k ≤ A− C24 .
6.7.2 Laplace Transform
In some special cases, we may apply the formula by [65] to compute the indifference
prices. Let α = 2A
2
C − 1 and β =
2B
C2
, and assume that d1 ≥ − B
2
2C2
and d2 ≥ −α
2C2
8 .
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We apply the above numerical schemes to compute the indifference prices (BFIP,
SFIP, BBIP, and SBIP) of variance swaps. We use the Heston model (6.41) and
(6.42) with the BCC parameters given in Table 6.1. The initial level Y0 of the
variance process ranges from 0.01 to 0.09. The numerical results for the second
implicit scheme are shown in Table 6.3. The simulation is based on 104 (5000 plus
5000 antithetic) sample paths with a time step equal to 10−3. In addition, Figure 6.1
plots the buyer’s forward and backward indifference prices as functions of Y0.
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Table 6.3: Forward and backward indifference prices of variance swaps.
Y0 Value (s.e.) 95% C.I. True Value Rel.Error
BFIP 0.0100 0.0219 (0.0001) [0.0217, 0.0221] 0.0218 0.3043%
SFIP 0.0100 0.0219 (0.0001) [0.0217, 0.0221] 0.0218 0.3050%
BBIP 0.0100 0.0271 (0.0002) [0.0267, 0.0275] 0.0270 0.3001%
SBIP 0.0100 0.0271 (0.0002) [0.0267, 0.0275] 0.0270 0.2999%
BFIP 0.0225 0.0289 (0.0001) [0.0287, 0.0292] 0.0290 -0.0348%
SFIP 0.0225 0.0290 (0.0001) [0.0287, 0.0293] 0.0290 -0.0359%
BBIP 0.0225 0.0335 (0.0002) [0.0330, 0.0341] 0.0337 -0.4019%
SBIP 0.0225 0.0336 (0.0002) [0.0331, 0.0341] 0.0337 -0.4025%
BFIP 0.0400 0.0392 (0.0001) [0.0389, 0.0394] 0.0389 0.5496%
SFIP 0.0400 0.0392 (0.0001) [0.0390, 0.0394] 0.0390 0.5547%
BBIP 0.0400 0.0434 (0.0002) [0.0429, 0.0439] 0.0431 0.7904%
SBIP 0.0400 0.0435 (0.0002) [0.0430, 0.0440] 0.0431 0.7952%
BFIP 0.0625 0.0518 (0.0001) [0.0515, 0.0521] 0.0518 0.0004%
SFIP 0.0625 0.0518 (0.0001) [0.0516, 0.0521] 0.0518 -0.0002%
BBIP 0.0625 0.0552 (0.0002) [0.0546, 0.0557] 0.0553 -0.2298%
SBIP 0.0625 0.0552 (0.0002) [0.0547, 0.0558] 0.0553 -0.2297%
BFIP 0.0900 0.0675 (0.0001) [0.0673, 0.0677] 0.0675 0.0182%
SFIP 0.0900 0.0676 (0.0001) [0.0674, 0.0678] 0.0676 0.0176%
BBIP 0.0900 0.0704 (0.0002) [0.0700, 0.0707] 0.0703 0.0326%
SBIP 0.0900 0.0704 (0.0002) [0.0701, 0.0708] 0.0704 0.0319%
This table shows the forward and backward indifference prices, estimated by Monte Carlo simula-
tion. The simulation is based on 104 (5000 plus 5000 antithetic) sample paths from the underlying
CIR process. The standard errors (s.e.) of the simulation estimates are given in parentheses and
the 95% confidence intervals (C.I.) in brackets. The true values are computed using formula (6.7.2).
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Forward indifference price (buyer) for variance swap: Monte Carlo vs Laplace
(a) Buyer’s Forward Indifference Price








Backward indifference price (buyer) for variance swap: Monte Carlo vs Laplace
(b) Buyer’s Backward Indifference Price
Figure 6.1: Forward and backward indifference prices as functions of spot price Y0
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Chapter 7
Conclusion and Future Research
This dissertation contributes to the derivatives pricing in incomplete financial mar-
kets. We first developed a valuation approach based on equilibrium arguments from
the perspective of option market makers and financial intermediaries. This approach
produces a pricing notion of competition-based price. We analyzed such price in both
a Markovian diffusion and a semimartingale setting.
In both settings, we consider a financial market with an arbitrary number of
market makers. We model their competition and apply tools from stochastic control
and convex duality to analyze the competitive equilibrium. The resulting pricing
measure is characterized as the minimal entropy martingale measure (MEMM) with
respect to a new prior. This new prior depends on the aggregate demand and inven-
tory of the derivatives and is characterized as an Esscher transform of the historical
measure. In the diffusion setting, the pricing measure is explicitly constructed.
We further investigated the price effects of demand and inventory. Our model
shows that the price of a derivative is increasing with the demand of any derivative
in the derivative market. The increasing rate is proportional to the covariance
between the unhedgeable parts of the payoffs of the associated derivatives, calculated
under the competitive pricing measure. This result provides a possible resolution for
the options-pricing puzzles, namely, index options appear to be expensive and low-
moneyness options seem to be especially expensive comparing to other individual
equity options.
The notion of competition-based price turns out to be the natural general-
ization of the marginal utility price. We also investigated the various properties of
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the competition-based price. In addition, we applied our model to price a variety
of volatility derivatives and developed the associated numerical schemes to compute
the competitive prices under Heston stochastic volatility model.
In the second part, we applied the utility-based approach to value a variety
of options with staging structure and sequential decisions in incomplete markets.
Examples include multiple claims with distinct maturities, installment call and put
options, compound options, ASX installment warrants, and staged financing of ven-
ture capital investments.
For a generic installment option written on both tradable and non-traded risk
factors, we have constructed the indifference price in terms of a quasilinear PDE and
analyzed the associated risk monitoring strategies. In particular, we obtained an
explicit nonlinear pricing formula for options contingent exclusively on the non-
traded risk factor. We further developed a Monte Carlo procedure, based on the
least-squares approximation, to compute the indifference prices. Through various
numerical experiments, we investigated the dependence of the indifference price and
the probability of early termination on the installment structure (such as the level
and the number of installments) and other market parameters (such as initial asset
price, time to maturity, risk aversion parameter, and correlation coefficient). The
model was further applied to analyze the dilution effect of ASX installment warrants
and the staged financing of venture capital investments.
Moreover, we introduced a foresighted valuation framework to incorporate
the investors’ private information into their valuation and hedging strategies. Such
information may include both their ex-ante risk exposure and ex-post investment op-
portunities. Finally, we adopt the recently developed dynamic performance criteria
to price volatility derivatives. We develop numerical schemes for the computation
of the forward and backward indifference prices in models of Heston and reciprocal-
Heston type.
For future research in the equilibrium approach, we plan to investigate more
applications such as credit and insurance markets, which, in general, requires to
analyze the jump-diffusion model. The second possible direction is to calibrate the
valuation model to the real market data, and analyze the options-pricing puzzles
quantitatively. Another interesting problem is to use more general utility, for ex-
ample, the dynamic utilities (dynamic performance criteria) recently developed by
Musiela and Zariphopoulou. It is also possible to introduce demand elasticity, bid-
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ask spread, or constraints (such as borrowing, endowment, wealth, etc.) into the
model.
For the indifference approach, the results developed herein can be applied or
extended to analyze other sequential investments, installment loans, and many cor-
porate liabilities with sequential opportunities (such as equity with coupon bearing
bonds, bonds with extended maturities, and callable bonds with coupon payments).
Another possible direction would be the combination of static and dynamic hedging
strategies for installment options. A question of independent interest is to investi-
gate how to apply the present approach to analyze the optimal design of installment




For convenience of reference, we provide in this appendix detail proofs and deriva-
tions for certain results, whose proofs are skipped in the main text.
A.1 Proofs of Chapter 3
Proof of Theorem 3.3.4.
(i) By the definition of v, we clearly have for any α, β ∈ Rn,
f(Q(β);β)− f(Q(β);α) ≤ v(β;G)− v(α;G) ≤ f(Q(α);β)− f(Q(α);α), (A.1)
which yields that
|v(β;G)− v(α;G)| ≤ max






∣∣(β − α) · EQ[G]∣∣
≤ |(β − α)| sup
Q∈Pf
EQ[|G|].
Since G is bounded, supQ∈Pf E
Q[|G|] ≤ K for some constant K. It thus follows that
lim
β→α
|v(β;G)− v(α;G)| ≤ K lim
β→α
|(β − α)| = 0,
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which proves the (absolute) continuity of v in α.
(ii) We next recall that
v(α;G) = f(Q(α);α) = H(Q(α)|P ) + EQ(α)[α ·G],
which yields that
H(Q(β)|P )−H(Q(α)|P ) = v(β;G)− v(α;G)−
(
EQ(β)[β ·G]− EQ(α)[α ·G]
)
.
It further follows from the identity (3.11) that
H(Q(β)|Pα)−H(Q(α)|Pα) = H(Q(β)|P )−H(Q(α)|P ) + EQ(β)[α ·G]− EQ(α)[α ·G]
= v(β;G)− v(α;G)− (β − α) · EQ(β)[G].
(A.2)








|β − α| = 0.
Now by Lemma 3.3.3 [31, Theorem 2.2], we have
H(Q(β)|Pα) ≥ H(Q(β)|Q(α)) +H(Q(α)|Pα),












which proves the continuity of EQ(α)[G]. The continuity of H(Q(α)|P ) further
follows from (3.15) and the continuity of v(α;G) and EQ(α)[G].
(iii) We next establish the differentiability of v. From (A.1) and the definition of f ,
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we obtain






≤ v(β;G)− v(α;G)− (β − α) · EQ(α)[G] ≤ 0.
Therefore, by the continuity of EQ(α)[G] we conclude that
lim
β→α




∣∣∣EQ(β)[G]− EQ(α)[G]∣∣∣ = 0,
which shows that v is continuously differentiable and its gradient is given by (3.21).

Proof of Theorem 3.3.4: continuity of H(Q(β)|Pα).
In what follows, we provide another proof for the continuity of H(Q(β)|Pα). From












Observing that the right hand side is a sum of two positive terms, we conclude that






Q[|G|] ≤ K, it follows that
lim
β→α
|H(Q(β)|Pα)−H(Q(α)|Pα)| ≤ 2K lim
β→α
|β − α| = 0,
which proves the continuity of H(Q(β)|Pα). 
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Proof of Theorem 3.4.1: existence and uniqueness
We provide another proof of the existence and uniqueness by using Theorem 3.3.5.
The existence of ϑi have been well established in the duality arguments. For the
existence and uniqueness of qi, we combine (3.8), (3.9), and (3.16) to write
u(x, α;G) = − exp {−(x+ v(α;G))} , (A.3)









v(γiqi;G)− γiqi · p
)}
.
and thus the existence and uniqueness of qi follow from the strict concavity of v(α;G)
as shown in Theorem 3.3.5. 
A.2 Proofs of Chapter 4
Proof of Proposition 4.2.1
By the Dynamic Programming Principle (DPP), we see that




M(s, Ss, X0,πs )
∣∣St = S,X0t = x]
= E
[
M(s, Ss, X0,∗s )
∣∣St = S,X0,∗t = x] ,
for any s ∈ [t, T ], which means that the value process M(s, Ss, X0,∗s ) is a local
martingale provided the existence of optimal policy π0,∗. Assuming the smoothness
of M , we then apply the Itô’s formula to calculate



















where we’ve compressed the arguments (s, Ss) of µ, σ, and (s, Ss, X
0,∗
s ) of M for
















for any s ∈ [t, T ]. Therefore, by multiplying 1s−t on both sides of the previous
equation and further sending s→ t, we conclude that the smooth value function if
exists must satisfy the HJB equation (4.12).
We next argue the probabilistic representation. By plugging into equation
(4.12) the optimal control policy










+ L(S)M = 0,
for (t, S, x) ∈ [0, T ]×R+ ×R, with terminal condition M(T, S, x) = −e−γx. Substi-
tuting the ansatz transformationM(t, S, x) = − exp{−γx−f(t, S)} into the previous







λ2 = 0, (A.5)
for (t, S) ∈ [0, T ] × R+, with terminal condition f(T, S) = 0. Using the Feynman-
Kac connection, we conclude that f can be represented as expectation (4.14) under
martingale measure Q specified by (4.15). Indeed, the Girsanov’s theorem implies
that the process W̃t := W 1t +
∫ t
0 λsds, t ∈ [0, T ], is a standard Brownian motion
under measure Q. Applying Itô’s formula to f(s, Ss) and combining equation (A.5)
yields









The representation (4.14) thus follows by taking conditional expectation under mea-
sure Q on both sides of the above equality. Note that f(t, S) = γm(t, S).
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Furthermore, by substituting (4.13) into the (A.4), we obtain the optimal
policy Π0,∗s in feedback form π
0,∗
s (s, Ss, X
0,∗
s ) given by (4.16), and the optimal wealth
process (4.17) is then follows hereby. Finally, the classical verification results (see
for example Theorem IV.3.1 in Fleming and Soner, 1993) ensure the optimality of
our solution. 
Derivation of HJB equation (4.20)
Starting from (4.19), we’ve seen that the value function is given by




V Ci−1(Ti, STi , XTi + g(STi , YTi))
∣∣St = S,Xt = x, Yt = y] ,
for t ∈ [Ti+1, Ti], which clearly verifies the terminal condition (4.21). Assuming the
smoothness of V , we then apply the Itô’s formula to calculate













+(σπ∗sVx + σSsVS) dW
1
s + aVydWs,
where we’ve suppressed the arguments (s, Ss) of µ, σ, b, a, and (s, Ss, X∗s , Ys) of V
for simplicity. The Dynamic Programming Principal further implies that the value
process V (s, Ss, X∗s , Ys) is a local martingale provided the existence of optimal policy
















for any s ∈ [t, Ti]. Therefore, by multiplying on both sides 1s−t , and then sending
s → t, we conclude that the smooth value function if exists must satisfy the HJB
equation (4.20). 
Proof of Theorem 4.2.2
By plugging into equation (4.20) the optimal control policy





we rewrite the HJB equation as
Vt −
(
µVx + ρσaVxy + σ2SVSx
)2
2σ2Vxx
+ L(S,y)V = 0,
for t ∈ (Ti+1, Ti], with terminal condition (4.21). Thus, by substituting the ansatz
form V (t, S, x, y) = − exp{−γ(x+ φ(t, S, y))} into the previous equation, we derive







λ2 = 0, (A.7)
for t ∈ (Ti+1, Ti], with terminal condition φ(Ti, S, y) = φ(T+i , S, y) + ci(S, y). To
this end, the representation (4.22) of value function V Cn can be verified by using
the δ-function for the pasting condition. We next substitute (4.22) into (A.6) to
construct the optimal feedback policy (4.24). Therefore, the optimality of control




s , Ys) follows from the standard verification results (see for
example Theorem IV.3.1 in Fleming and Soner, 1993). 
Proof of Proposition 4.2.3
In Proposition 4.2.3, we consider the buyer’s valuation problem for a claim c(Yτ )
written only on the nontraded asset Y , where the stock dynamics is assumed to have
deterministic coefficients: µ(t, S) = µ(t) and σ(t, S) = σ(t). The value function V c
is then defined by




M(τ,Xτ + c(Yτ ))
∣∣Xt = x, Yt = y]
with terminal condition V c(τ, x, y) = M(τ, x + c(y)), where A[t,τ ] stands for the
admissible policies, M is the Merton’s value function given by (4.13), (Ys) satisfies
(4.2), and the wealth process (Xs) is given by
dXs = µ(s)πsds+ σ(s)πsdW 1s , (A.8)
for s ∈ [t, τ ]. To simplify presentation, we suppress the arguments of functions
µ, σ, b, a, and denote bs = b(s, Ys) and as = a(s, Ys) in the following derivation.
Derive HJB Equation for V c. By the Dynamic Programming Principle
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(DPP), we have




V c(s,Xπs , Ys)
∣∣Xt = x, Yt = y]
= E
[
V c(s,X∗s , Ys)
∣∣X∗t = x, Yt = y] ,
for any s ∈ [t, τ ], which shows that the value process V c(s,X∗s , Ys), s ∈ [t, τ ], is a local
martingale provided the existence of optimal policy π∗. Assuming the smoothness
of V c, we apply Itô’s formula to calculate
dV c(s,X∗s , Ys) =
(





























for any s ∈ [t, τ ], where we drop the arguments (s,X∗s , Ys) of V c for simplicity. That
is,
V c(s,X∗s , Ys) = V


































































for any s ∈ [t, τ ]. Therefore, we multiply both sides by 1s−t and further send s → t











a2Vyy + bVy = 0, (A.9)
for (t, y) ∈ [0, τ ]× R, with terminal condition









where λ(s) = µ(s)/σ(s) denotes the Sharpe ratio of the stock. Note that we’ve
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skipped the superscript c for simplifying the notation.
Linearize the HJB Equation. We observe that the second term of the
HJB equation (A.9) is a quadratic form of π. It achieves its maximum value at
π∗ = −µVx + ρσaVxy
σ2Vxx
. (A.10)








a2Vyy + bVy = 0. (A.11)
Using the scaling property of the utility function and the structure of the wealth dy-
namics equation (4.5), we postulate a candidate solution V (t, x, y) = −e−γxF (t, y).
Plugging it into (A.11) yields the following quasilinear equation for F













We next substitute F (t, y) = [v(t, y)]δ for some constant δ into the previous equation
and find that v sloves

















which clearly can be linearized by picking δ = 1
1−ρ2 . This leads to the Cauchy
problem




















. To this end, we conclude that the value function V c can be
written as
V c(t, x, y) = −e−γx[v(t, y)]
1
1−ρ2 , (A.13)
where v is a solution of (A.12).
Probabilistic Representation. By the Girsanov’s theorem, we first ob-
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0 λ(s)ds, t ≥ 0, is a standard Brownian motion
under the martingale measure Q defined in (4.15). Further the dynamics of the
nontraded asset Y can be written as
dYs = (b(s, Ys)− ρλa(s, Ys)) ds+ a(s, Ys)dW̃s, t ≤ s,
with Yt = y ∈ R, where W̃t = ρW̃ 1t + εW⊥t , t ≥ 0, is a Brownian motion under mea-
sure Q. Therefore, using Feynman-Kac connection, we conclude that the solution v
to (A.12) can be represented by














} ∣∣Yt = y] ,(A.14)









into equation (A.12), we find that f solves




with terminal condition f(τ, y) = exp{−γ(1 − ρ2)c(y)}. Applying Itô’s formula to
f(s, Ys) and combining with the previous equation yields df(s, Ys) = afy(s, Ys)dW̃s,
which shows that process f(s, Ys) is a local martingale. This leads to f(t, y) =
E[f(τ, Yτ )|Yt = y] = E[exp{−γ(1 − ρ2)c(y)}|Yt = y], and thus the representation
(A.14) follows. Therefore, Proposition 4.2.3 follows by denoting




Finally, according to the Verification Theorem, our candidate solution V is indeed
the value function since it is smooth and the optimal policy is given as follows.
Construct the Optimal Policy. Combining (A.10), (A.13) and (A.14),
we construct the optimal policy in feedback form Π∗s = π
∗(s,X∗s , Ys), where the
feedback function









(E(t,T )Q c)(y), (A.15)
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for s ∈ [t, τ ], with initial condition X∗t = x > 0. 
A.3 Proofs of Chapter 5
Proof of Proposition 5.3.2
We first recall the HJB equation (5.12). Applying the first-order condition of the
maximization yields the optimal control policy in feedback form










+ L(S)M = 0,
for (t, S, x) ∈ [0, T ] × R+ × R, with terminal condition M(T, S, x) = −e−γx. Sub-
stituting the ansatz transformation M(t, S, x) = − exp{−γ(x + m(t, S))} into the










for (t, S) ∈ [0, T ] × R+, with terminal condition m(T, S) = 0. Using the Feynman-
Kac connection, we conclude that m can be represented as expectation (5.14) under
martingale measure Q specified by (5.15). Indeed, the Girsanov’s theorem implies




0 µ(s, Ss)/σ(s, Ss)ds, t ∈ [0, T ], is a standard Brow-
nian motion under measure Q. Applying Itô’s formula to m(s, Ss) and combining
equation (A.18) yields










σ(s, Ss)SsmS(s, Ss)dW̃ 1s .
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The representation (5.14) thus follows by taking conditional expectation under mea-
sure Q on both sides of the above equality. Furthermore, by substituting (5.13) into
(A.17), we obtain the optimal policy Π0,∗s in feedback form π
0,∗
s (s, Ss, X
0,∗
s ) given by






for (t, S, x) ∈ [0, T ]× R+ × R. The optimal wealth process is then given by
dX0,∗s = µ(s, Ss)Π
0,∗





for s ∈ [t, T ], with initial condition X0,∗t = x ∈ R. Finally, the classical verification
results [see, for example, 50, Theorem IV.3.1] ensure the optimality of our solution.

Proof of Proposition 5.3.3
We first recall the HJB equation (5.18). The associated optimal control policy is
given in feedback form








µVx + ρσaVxy + σ2SVSx
)2
2σ2Vxx
+ L(S,y)V = 0,
for (t, S, x, y) ∈ [0, T ]×R+×R×R, with terminal condition V (T, S, x, y) = − exp{−γ(x+
g(S, y))}. Thus, substituting the ansatz form Ṽ = − exp{−γ(x+m(t, S)+h(t, S, y))}




γ(1− ρ2)a2h2y = 0,
for (t, S, y) ∈ [0, T ]×R+×R, with terminal condition h(T, S, y) = g(ST , YT ), where
L̃(S,y) is given in (5.11). This is the familiar HJB equation studied in [49, section
VI.5]. Under our assumption on the market coefficients, the solution h is bounded
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and unique in the class C1,2,2([0, T ]×R+×R) [see also 116]. This in turn yields the
same properties for Ṽ . Following the similar arguments as in the proof of Theorem
2.2 in [129], we identify Ṽ as the unique viscosity solution of (5.18) and conclude
V 0 = Ṽ . We next substitute (5.19) into (A.19) to construct the optimal feedback
policy
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